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Abstract 

A new spinning particle with a definite sign of the energy is defined on 
spacelike hypersurfaces after a critical discussion of the standard spinning 
particles. They are the pseudoclassical basis of the positive energy (^,0) [or 
negative energy (0, ^)] parts of the (i, i) solutions of the Dirac equation. 
The study of the isolated system of N such spinning charged particles plus 
the electromagnetic field leads to their description in the rest-frame Wigner- 
covariant instant form of dynamics on the Wigner hyperplanes orthogonal to 
the total 4-momentum of the isolated system (when it is timelike). We find 
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that on such hyperplanes these spinning particles have a nonminimal coupling 
only of the type "spin-magnetic field" like the nonrelativistic Pauli particles to 
which they tend in the nonrelativistic limit. The Lienard-Wiechert potentials 
associated with these charged spinning particles are found. Then, a comment 
on how to quantize the spinning particles respecting their fibered structure 
describing the spin structure is done. 
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I. INTRODUCTION 



A series of papers utilizing the Shanmugadhasan canonical transformation [[]] was 
needed to arrive at the classical noncovariant generalized Coulomb gauge for the standard 
SU(3)xSU(2)xU(l) model with Grassmann-valued fermion fields [see Refs. [0] for reviews]. 
In this gauge there is no gauge freedom left and the physical fields are the Dirac observ- 
ables of the model. In order to covariantize the result, the isolated system of N scalar 
massive particles with Grassmann-valued electric charges plus the electromagnetic field [|8]|| 
was reformulated on spacelike hypersurfaces [TD,TT], the leaves of a foliation of Minkowski 
spacetime defining an arbitrary 3+1 splitting of it. The degrees of freedom of the space- 
like hypersurfaces 2 m (t, a) [r labels the leaves E r of the foliation, while a are curvilinear 
coordinates on E r ] are extra configurational variables, but there are 4 first class constraints 
in each point ensuring that the description is independent from the foliation. Therefore, 
one can restrict oneself to spacelike hyperplanes, so that these extra degrees of freedom are 
restricted to only 10: i) an origin x^(r); ii) an orthonormal tetrad on this point, adapted to 
£ r containing the normal to E T . Only 10 global first class constraints are left implying the 
independence of the description from the choice of the hyperplanes. For the dense subset 
of system configurations having a total timelike 4-momentum (the boundary conditions on 
the fields must be such that the 10 conserved Poincare generators are finite) one can make 
the further restriction to those special hyperplanes (denoted Wigner hyperplanes), which 
are orthogonal to the total 4-momentum of the isolated system. This is done by requiring 
that the orthonormal tetrad coincides with the standard Wigner boost associated with the 
timelike total 4-momentum, after having boosted at rest all the variables with it. The ex- 
tra degrees of freedom are reduced to only 4 and only 4 global first class constraints are 
left. The 4 degrees of freedom are a noncovariant canonical variable x^(r) [with conjugate 
momentum p%], which behaves as a classical analogue of the Newton- Wigner position op- 
erator with the covariance of the little group of timelike Poincare orbits. All the variables 



describing the isolated system are forced to become Wigner covariant [p~2|,p~3|] . This con- 
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struction defines a new kind of instant form of the dynamics [p~4 1 , the "rest-frame 1-time 



Wigner-covariant instant form" , which is the special relativistic generalization of the New- 
tonian separation of the center of mass [H = + H Te j\. One of the 4 left constraints 
[e s = ±^pf ~ ±M system) sa J s that the analogue of the relative nonrelativistic Hamilto- 
nian H re i is the invariant mass M syste m of the isolated system, so that the natural evolution 
parameter is obtained by identifying the label r of the leaves S r of the foliation with the 
rest-frame center-of-mass time T s = p s ■ x s /e s = p s ■ x s /e s . The other three constraints 
say that the total Wigner spin 1 3- momentum k+ system of the isolated system inside the 
Wigner hyperplane vanishes, so that the Wigner hyperplane is the intrinsic rest-frame of 
the isolated system. Since the position of the origin of the hyperplane is arbitrary [like the 
unit vector Pg/e s , describing the orientation of the Wigner hyperplane with respect to an 
arbitrary Lorentz frame in Minkowski spacetime], one imposes as gauge- fixings to these 3 
constraints the condition that the center of mass of the isolated system coincides with the 
origin: X^ ystem (r) = z^(T,rj +system (T)) w a#(r) = z»(t, a = 0) or ff +system (T) w 0. However, 
till now Xg ystem is known only for systems of particles; there are preliminary results on its 
identification for Klein-Gordon fields . 



If one makes the canonical reduction of the gauge degrees of freedom of the isolated sys- 
tem in the rest-frame instant form on the Wigner hyperplane, one gets the rest-frame Wigner- 
covariant generalized Coulomb gauge in which the universal breaking of covariance is re- 
stricted to the decoupled center-of-mass variable. However, as shown in Refs. p|,p|,|16|, the re- 
gion of spacetime, over which this noncovariance is spread, is finite in spacelike directions and 



identifies a classical intrinsic unit of length, the M0ller radius p = \/—W 2 /P 2 = \S\/yP^, 
where P 2 > and W 2 = —P 2 S are the Poincare Casimirs and S the Thomas rest-frame 
spin of the isolated system respectively. This unit of length gives rise to a physical intrinsic 
ultraviolet cutoff at the quantum level in the spirit of Dirac and Yukawa. 

After the canonical reduction of the isolated system of N charged particles plus the 
electromagnetic field (for this system also the Lienard-Wiechert potential in the Coulomb 
gauge has been evaluated ||) one gets the emergence of the Coulomb potential from field 



theory and a regularization of the Coulomb self-energy due to the Grassmann character of 
the electric charge of the particles. Then, the isolated system of N scalar massive particles 
with Grassmann-valued color charges plus the SU(3) color Yang-Mills field has been studied 



till to find the rest-frame Wigner-covariant Coulomb gauge fllEfl , obtaining a pseudoclassical 
description of the relativistic quark model. The physical invariant mass of the system is given 
in terms of the Dirac observables. From the reduced Hamilton equations, the second order 
equations of motion both for the reduced transverse color field and the particles are extracted. 
Then, one studies the N=2 (meson) case. A special form of the requirement of having 
only color singlets, suited for a field-independent quark model, produces a "pseudoclassical 
asymptotic freedom" and a regularization of the quark self-energy. With these results one 
can covariantize the bosonic part of the standard model given in Ref. ||. 

The limitation of the description of relativistic particles on spacelike hypersurfaces is that 
they must have a well defined sign of the energy. This is due to the fact that the intersection 
of a timelike worldline with a spacelike hypersurface is defined by 3 numbers a = ^(r) and 
not 4: xf(r) = z m (t, ffi(r)), i=l,..,N. This means that the mass shell constraints p? — m? ~ 



(in the free case) have been solved, p° ~ ±ypf + mf, and that a choice of the sign r]i = ± 
of the energy [namely on which of the two topologically disjoined branches of the mass- 
hyperboloid is the particle] has been done. These models describe only one of the 2 N 
branches of the mass spectrum of the N particle system (there is a different model for 
each branch), before that the interactions become so strong to cause branch-crossing (zero 
energy gap; pair production at the quantum level). Therefore, these models allow a genuine 
consistent formulation of "relativistic particle mechanics" with a definite sign of the energy 



of the particles, with relativistic kinetic energies J mf + /?? and already oriented to the 
canonical formulation of general relativity. Since the mass spectrum has only one branch, 
there is no problem with pair production. In a sense this is a consistent classical realization 
of the quenched approximation in lattice gauge theory: due to the Grassmann character 
of the charges one does not only ignore the fermion loops but also all the effects of the 
same order in the charges. The only problem, present with scalar interactions modifying the 



mass {\Jmf + k% h- ► yraf + V" + is that the modified kinetic energy must remain real. 
All the consistent couplings to the electromagnetic field on spacelike hypersurfaces are in 
accord with quenched approximation (no pair production). See Ref. || for the connection 
of this description of N scalar particle systems with the Feshbach-Villars diagonalization of 
the Klein-Gordon equation |17|], which confirms what has been said about the couplings to 
the electromagnetic field. 

What is still lacking is the quantization of this approach to get a consistent "quantum 
relativistic mechanics", due to the complications of the square root in the kinetic term. 
However, the starting point, i.e. the quantization of the free particle, has been realized in 
Ref. |H| by using pseudodifferential operators in a scheme consistent with the reformulation 



on spacelike hypersurfaces [see Refs. |19| for what is known with a Coulomb potential added 
to the kinetic term]: the resulting nonlocal quantum theory may also be second quantized 
with microcausality replaced by macrocausality [the commutator of two field operators at 
spacelike separation decreases exponentially to zero when the spacelike separation exceeds 
the Compton wavelength in a qualitative accord with the problematic of the Moller radius] . 

To get the description of the standard model on spacelike hypersurfaces one still needs 
the formulation of fermions on them. This is also needed for treating the fermions in general 
relativity: given their coupling to tetrad gravity [see for instance Refs. [PU,ZT|; the canon- 
ical reduction of tetrad gravity in under investigation ||22|| 1 one needs this formulation to 
arrive at the ADM canonical formalism based on 3+1 splittings of the globally hyperbolic 



asymptotically flat spacetime [see Refs. [23[ for what is known on the subject]. 

Before studying Dirac fermion fields, in this paper we shall give the description of the 
positive energy spinning particle on spacelike hypersurfaces, with the spin described by 
Grassmann variables. It corresponds to study the pseudoclassical basis of either the positive 
or negative solutions of the Dirac equation in first quantization. The nonrelativistic limit 
corresponds to a Pauli spinning particle p4| , |25| . 

In Section II we review the standard spinning particles with the spin described by Grass- 
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mann variables, giving some properties of their pseudoclassical description and a discussion 
of how to separate the two branches of their mass spectrum. 

In Section III we study N spinning particles with Grassmann-valued electric charges plus 
the electromagnetic field on spacelike hypersurfaces and we find the form of the lacking odd 
second class constraints needed to get that their spin structure is described by Pauli matrices 
after quantization. 

In Section IV the previous system is restricted firstly to spacelike hyperplanes and sec- 
ondly to the Wigner ones, obtaining the rest-frame description in which the spinning particles 
have nonminimal couplings only of the type "spin - magnetic field" like the nonrelativistic 
Pauli particles. The nonrelativistic limit is shown explicitly. 

In Section V the Dirac observables with respect to electromagnetic gauge transformations 
and their equations of motion are obtained. 

In Section VI the Lienard-Wiechert potentials produced by these charged spinning par- 
ticles in the rest-frame description are evaluated. 

In the Conclusions we introduce the problem of how to quantize spinning particles pre- 
serving their fibered spin structure, namely a spin structure (described by Grassmann vari- 
ables) over a scalar particle tracing a worldline in Minkowski spacetime [in analogy to the 
pseudoclassical photon f26|]. It seems that there is an incompleteness in our quantum de- 
scription of fermions (either first quantized Dirac wave functions or second quantized Dirac 
fields) regarding their ability to generate not only a spin structure but also trajectories in 
Minkowski spacetime like the ones of charged leptons in particle detectors (or more in general 
the spacetime trajectories of electric currents). This problem will be treated elsewhere. 

In the Appendix there is a review of the Foldy-Wouthuysen, Cini-Touschek and chiral 
representations of Dirac matrices from the pseudoclassical point of view. 
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II. OLD MASSIVE SPINNING PARTICLES. 



The use of Grassmann variables for the spin of the spinning particles started with Berezin 



and Marinov [27]. In the case of spin 1/2 one speaks of pseudoclassical description of the 
electron. Then, the spinning particle was described in various forms [p?8|-|50| all utilizing 
Grassmann variables. We shall not consider either other descriptions of spin 1/2 with tools 
different from Grassmann variables or models for spinning particles using bosonic variables 
like rotators (only integer spins, usually towers of spins, are obtained at the quantum level). 
In Ref. [p8| |, a Lagrangian was given depending on a bosonic position x M (r) and on 5 real 



Grassmann variables £ m (t) and £s(t): 



L = -k 5 £ 5 - k,e - mJ (±„ - S = [ drL, (1) 



where x^ = jfpx^; the canonical momenta are p^ 



~ih = qCh) 7T5 = |r = ^£5 — —Pui^- There is a local supersymmetry invariance of 
the action (the local transformations are £ M — > ^ + es(r)p At /m, £5 — > £5 + 65 (r), 

— > Z/x + ^ 5 (t)p^ 5 - ^e 5 (r)[£ M - ^^£5] ) but no manifest world-line supersymmetry. 
The geometrical interpretation is that one has a fibered structure: over each point of the 
timelike worldline of a scalar point particle in Minkowski spacetime there is a Grassmann 
algebra G5 with generators £ M , £5, as a standard fiber describing the spin structure. 

In phase space, after the elimination of the second class constraints (the Lagrangian is 
of first order in Grassmann velocities) Xn = n v ~ |£a« ~ an d X5 — n 5 + |£s ~ (this last 
constraint does not appear explicitly but it is a constant of the motion which has to be put 
equal zero by hand as required by the number of zero eigenvalues of the Hessian matrix and to 
get the same set of solutions from the Euler-Lagrange and Hamilton equations), one arrives 
at the Dirac brackets {x^,p u }* = —if, {£ M , £"}* = irf v , {£5, £5}* = — i, from the original 
Poisson brackets {x^,p u } = {^,7r' / } = —r/^, {7r 5 ,£ 5 } = —1 [the odd-odd Poisson brackets 
are symmetric]. After quantization f3lf , these Dirac brackets become [£^, £„], = —hrj^, 



[£m>£s]+ = ®-> [^5'^]+ = ^> so that the Grassmann variables give rise to the Dirac matrices 
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V §757^ an d y §75 respectively. 

There are two first class constraints: i) x = P 2 ~ m2 ~ (from repametrization invari- 
ance); ii) Xd = P^ — ^£5 ~ (from the local supersymmetry invariance); with the only 
nonvanishing Poisson bracket {xd,Xd}* — ix (i n this sense xd is the square root of x)- 
The Dirac Hamiltonian is Ho = X(r)x + i)\D{T~)XD, with Ab(t) an odd real Dirac multiplier 
and one has £ M = H D }* = X D (r)p^, £ 5 = \ D {r)m showing that both £ M and £ 5 are gauge 
dependent (= means evaluated on the solutions). The conserved Poincare generators are 
Pin J iiv = L^ u + S^ IU , L^ v = —p^x u + PuXfi, S^ v = —ft^v + t^u^^, = ~i£,n£,v [the com- 
ponents of the Lorentz generators satisfy {L» v , L a/3 }* = C^ al3 L~<\ {S"\ S afS }* = C^S^ 8 , 
where C^ a/3 are the structure constants of the Lorentz algebra] with the spin 3-vector 
Si = \e ijk S jk => S = — ~f A £. Since = i\ d (t)(^p u - ^p^), the spin tensor is gauge 
dependent, as it should because its boost part cannot be independent from the spin part for 
a point particle with a definite spin. 

Concerning the position x^, its equations of motion are x^ — Hp}* = — 2A(r)p At — 
iAz5(T)£ M . This shows that superimposed to the free motion with velocity propor- 
tional to the 4- momentum there is a zitterbewegung proportional to £ M . The pseu- 
doclassical Foldy-Wouthuysen mean position |32|] (see also Ref. [p3|D 



X M ~ X t^2, 2u r=oT 2 . \ ^ ^ 5 f=o7 2 / f=v7 2 . \> Decause X M~ /A l r J + 

*A D (r)^±fV ? a& = - 2A(r)p° - i\ D (r)£°; if we choose A D (r) = a(r)f°, so that 
- K5) ^ H = p ■ a + m(3 [see Refs. [HH], we have = - 2A(r)p°. The 
spin tensor has the following two decompositions J^ v = L^ u + S^ v = + S'm with 

L M = X MP ~ x mP" and S M = S m -p°[ -*f — , V ^5 + — 



5^ = S« + + jMd^M (it is the Foldy-Wouthuysen mean spin ten- 

Wfp+m? a/ p 2 +m? (W p 2 +m 2 +m) 

sor). While and S^ are both constants of the motion [for and the choice 
<Vd CO = a(T)^° is needed], neither L^ v nor 5 Ml/ are constants due to zitterbewegung. See 
chapter 2 section C of Ref. |55], chapter 1 sections 1.6, 1.7, 1.8 of Ref. [|36| and Ref. pTf . 
At the quantum level the constraint xd becomes the Dirac equation 75(7^^— m)ip{x) = 
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Iftn = idfj,; from now on"will denote operators], whose square (p 2 — m 2 )if)(x) = is consistent 
with the quantization of the constraint \- However, it is disturbing that no trace of the 
pseudoclassical fibration describing the spin structure is present in the quantum description: 
the Dirac spinor naturally describes only the spin structure and does not seem able to trace 
a worldline in Minkowski spacetime. 

Since on spacelike hypersurfaces (and, in particular, on the Wigner hyperplanes orthogo- 
nal to the 4-momentum and defining the rest frame) one must choose the sign of the energy 
of the spinning particle and since to describe a (|, 0) particle one needs to reduce the Clifford 
algebra C5 associated with the Dirac matrices to a Clifford algebra C3 associated with Pauli 
matrices, let us look for a canonical transformation to the rest frame which could help in 
this job. Since we can restrict ourselves to timelike p^ due to x ~ 0, we can use the stan- 
dard Wigner boost for timelike Poincare orbits |L3| L^ u (p,p) = jff + 2^ - {p * + f^ o f p " ] , 
where p 1 = (e, 0), e = ri^/p 1 , r] = signp a = ±1. If we denote e A (u(p)) = L m a(p, with 
e%(u(p)) = u^(p) = p^/e, this new canonical transformation maps the canonical basis 2^, 
p M , £ 5 , in the new canonical basis (see Refs. ]T3"|,|5|| for the definition of x^) 



e{p + e) e 2 
Z _ M M 

Sr j 

e 

i r = e?(u(p))£ 



A'' 



£5 — £5, 



= -rT, {£5, £ 5 } = -i, 

{£n£r}* = *, {ir,L}* = -iS n - (2) 

As shown in Ref. ]13| , £ r is a Wigner spin 1 3- vector. The rest-frame spin tensor || is Sa b — 
e A( u (p)) e B( u (p)) s ^ = -«£a£b [£a = (s>;£r)] with S r = -%e ruv £ u £ v and S rr = -i£ T £ r . The 
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noncovariant variable |13]|| x M and its momentum p^ may be replaced by the canonical 



basis [13|] e = rjy/p 1 , T = p^x^/e = p^/e, k = u(p), z = e(x — —x°); T is the rest-frame 



Lorentz scalar time and the noncovariant variable z is the mass multiplied by the classical 
analogue of the Newton- Wigner position operator (it gives the independent Cauchy data for 
the 3-position). 

In the new variables the constraints become x = P 2 ~ m2 = (e — m)(e + m) ^ and 
Xd = e(£r — —£5) ~ 0, so that, if r\ = signp Q , they may be replaced by the two pairs 

X v = e - rjm « 0, 

X V D = It - »76 ~ 0, 



{Xr,, XriY = {X V , Xtjd}* = {Xr,D, Xrjo}* = 0, (3) 

describing the two disjoined branches of the mass hyperboloid. For each branch the Dirac 
Hamiltonian is H v b = \{t)Xv( t ) + ^t]d{t)XtiD with the following Hamilton equations for 
the Grassmann variables : £ T = {£ T , H v d}* = \d, (,5 = V^vD, C = These equations show 
that both £ T and £5 are gauge variables on a chosen branch of the mass hyperboloid (where 
the spin has to be described only by 3 Grassmann variables giving rise after quantization to 
the Clifford algebra C3 of Pauli matrices). Therefore, one can add the gauge-fixing constraint 
Pv = lr + vis ~ [{p v , Xvd}* = 2i, {p v , p n Y = 0], implying 

£ T « 0, £5 ~ 0. (4) 

On each branch the new Dirac brackets [such that £ T = £ 5 = 0] are {A, B}** = {A, B}* + 
§[{A Xr)D}*{Pri, B}* + {A, Pr,}*{x V D, B}*), so that only the variables £ r are left with 

{x fl ,p u }** = -rf v , {| r ,|s}^* = -i$rs and Dirac Hamiltonian H nD = X v {r)xr,- 

Now one has S Tr = [the boost part of the spin tensor disappears, because ( T k 
implies p^S^ ~ in this gauge], S rs = —i£, r £,s, S r = — ^e ruv ^ u ^ v , and then || one gets: 
i) x" = x"- Mva(S tA - ^f) + p 7 2e f,° S Tr p r ] = x» + = ac" + r#4N^ and z = 
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£ [^+ e(p X + £ ) ~~jr x °\ l x ° = x °] ^ or ^h e noncovariant positions; ii) J* J = x l p> — x^p l +5' ir 5^ s S rs , 
joi _ ~o i _ -to _ $ {Sxp) ^ Poincare generators. 

Let us remark that in the original variables the same result can be obtained by adding 
the gauge-fixing pr> = p^ + m£ 5 « to the first class constraint xd = P^ ~ m £s ~ 
0. One has {xd,Xd}* = {pd,Pd}* = ix> {Xd,Pd}* = i{p 2 + m 2 ) m 2im 2 , so that the 
elimination of these two second class constraints implying p^ ~ and ( 5 « 0, gives the 
Dirac brackets {A, B}** = {A, B}* + ^^^ [{A, X d}*{pd, B}* + {A, p D }*{ X D, B}*} - 
3 [{A, Xd}*{xd, B}* + {A, Pd}*{pd, B}*}. However, it is not possible to eliminate 



(p 2 +rrt 2 ) 2 — x 2 

one component of £ M = £^ = {rf v — ^\-)^ v without breaking Lorentz covariance; moreover, 
one gets {x>*,x u }** ^ 0, {x^,p u }** ^ -rf. 

Quantizing one gets [£ r , £ s ]+ = hS rs , so that £ r i— > ^/foy, with a r being Pauli matrices 
(transforming as Wigner spin 1 3- vectors under Lorentz transformations). Therefore, this 
is the pseudoclassical description of massive spinning particles belonging to the (|,0) (for 
r] = 1) and (0, |) (for r\ = —1) representation of SL(2,C). Since only the constraint Xv = 
e—r/m « is left, at the quantum level one has only the wave equation (i-^—r]m)ijj ri (T, z) — 
with ip v a SU(2) 2-spinor. This equation, defining the mass shell, is not a spinor equation, 
because such an equation does not exist in the massive case with massive 2-spinors [in the 
massless case it would be the Weyl equation]. See Ref. |H| for the study of the wave functions 



4>(T, z), 0(e, k), associated with the replacement of p 11 , with T, e, z, k. In the momentum 
basis the wave equation becomes (after multiplication by r]) (rje — m)ip v (e,k) = or, by 



introducing the 4x4 matrix ^T cha \ 



^ 1p(cha)+ ^ 



<1 ^ 



-1 



» i e %ha) ~ m}^(cha)(e, k) = with ip (cha) 



. This is the Chakrabarti's representation ||38|| , which, as noted in this paper, 

y lp(cha)- J 

coincides with the Shirokov's representation |3£| for spin 1/2. It is obtained from the Dirac 
equation in momentum space (p M 7 M — m)ip(p) = by diagonalizing p^ with a similarity 

transformation generated by U^ha) — e lS< - cha ' 1 = —, — = [l°l^P^ + m ] [p° — VP 2 + m2 ]; 

the quantum Poincare generators are just the quantization of the classical ones just given 
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with S h-> \a. In Ref. |38| it is shown that V(cha)(p) = U {cha) ip(p) = [Q{L(p,p))ip}(p) = 
Q(p, L(p,p)))tp(p), since a homogeneous Lorentz transformation may be written as U(A) = 
Q(A)T(A) with [T(A)V»](p) = V(A-V) and [Q(A)V](p) = Q(p,A)V(p); namely ^ (cha) (p) is 
obtained by boosting at rest with the Wigner boost, consistently with our previous 
classical canonical transformation. The variable x [or z\ goes into a quantum position 
operator X/ C ha)i which can be obtained from the standard operator x by means of Ur c ha)- 
Since the parity operator rf cha \ is diagonal in the Chakrabarti representation, =b0(cha)± are 



parity eigenstates and also eigenstates of spin, £( c/ia) = ^{ c ha)ll cha )l{cha) 



a 



and 



helicity h(p) = p- T, {cha )/\p\ [they are mixed by charge conjugation C {cha) = hf cha )% ha ) and 



by chirality ^ cha ) 



v io, 



It is evident that this representation is different from the Foldy-Wouthuysen one p2 
which is reviewed in the Appendix together with other relevant representations. 



Instead in Ref. [29], one starts with the Lagrangian 



_(_ i — 2 -d: tii t t \ 

2 1 e 



{- + em 2 - ~ £563) - i*>(— - Ks)}, (5) 



where e and 99 are Lagrange multipliers ensuring the existence of two first class constraints 
p 2 — m 2 « and p^ — mC, 5 « 0. The canonical momenta are 7r M = 7r 5 = —5^5, 

p M = — ^[x 1 ' — fv 9 ^]; elimination of the Grassmann second class constraints gives the same 
Dirac brackets and the same quantization as before. Now there is manifest local world- 
line supersymmetry (invariance under N=l superdiffeomorphisms), namely the action is 
invariant under the local infinitesimal transformations Sx^ = ia(r)^, 5^ = a(r)[— — 
5e = ia{r)ip, Sip = 2d(r), 5& = a(r)[m + ^&(& - \mip)}. 
In Ref. |4(J it is shown that the action S' = J cLtL' can be put in a superfield form. 
If one introduces the 3 superfields X M = x^ + 8^, E = e + dip (e and y> are called the 
einbein and the gravitino respectively), B = £5 + 8b 5 [6 5 is an even auxiliary field needed 
because the supersymmetry transformations close on £ 5 only on-shell], and if D = dg + 9d T 
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[D 2 X' A = d T X^ = X^] is the spinor derivative, one gets 

S' = -J drdelE^DXf, X M — B DB + 2mBE 1/2 ]. (6) 

The main point to be observed is that the superfield X^ may be interpreted as giving 
a representation of the Grassmann fibration over x M associated with the spin structure [the 
absence of £5 is irrelevant because one can get the Clifford algebra C4 of Dirac matrices also 
starting from a Grassmann algebra G 4 with generators £ M 1— > ^/§7 M ]- Namely one utilizes 
the Noether supersymmetry transformations but with an interpretation different from the 
standard one [formation of supermultiplets of different bosonic and fermionic particles]. 
Let us remark that the Dirac Hamiltonian Ho = A(r)% + iXd^Xd associated with the 
Lagrangian (|l|) may be interpreted as a Hamiltonian superfield describing the spin structure 
with the two first class constraints. 



In Ref. jy] one tries to eliminate the superfields E and B by putting the solution of their 
Euler-Lagrange equations in S' . Then, there is a long discussion about the various forms of 
the reduced action according to possible gauge redefinitions. However a definite final form 
of the action without £5 is not obtained [it seems that £5 can be explicitly eliminated only 
in the massless case |42| , |29| 1. Instead, there is the proposal of using a Lagrangian which may 
be written in the form 

L = -mv^-^f-^ (7) 

where A(r) is an odd real Lagrange multiplier implying the Lagrangian constraint = 0. 
This constraint eliminates one of the components of so that the quantization of the 
final theory will produce Pauli matrices and SU(2) 2-spinors. The canonical momenta are 
= yff + ^A£ M , = p x = [{X,p x } = —1] and there are the primary constraints 
X = p 2 — m 2 — 2i\p^ w 0, = n n — o£a« ~ 0, p A ~ . The Dirac Hamiltonian 
Hd = a(r)x + ib^{r)xn + c(r)p x implies the secondary constraint (ft = p^ ~ and 6 M (r) = 
— a(r)p M A; the time constancy of <fi ~ generates the tertiary constraint A ~ and then 
c(r) ~ 0. The second class constraints A ~ 0, p x ~ 0, can be trivially eliminated. The 
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Dirac Hamiltonian becomes Hp = a(r)(p 2 — m 2 ). The remaining constraints x = P 2 ~ 
m 2 ~ 0, Xfi = tt^ — |^ « 0, (f) — ~ 0, have only the following nonzero Poisson 

brackets: {x^, Xu} = ^f]^-, {Xixi 0} = ~Vn ■ While x is first class, there are 5 second class 
constraints. By introducing the projector Ii^ u = rj^ — {p^p v )/p 2 , the 4 x^ can De replaced 
by p^ « and by x±n = ^vX v ~ [p^Xi^ = 0], with the algebra {x±^,X±u} = i^u, 
{p M 7r /1 ,0} = —p 2 . The constraints = ~ and p M 7r M « form a second class pair, 

while each of the independent X-L^ ~ is second class by itself. With the Dirac brackets 
{A, B}* = {A,B} + i{A,x±^{ X ±,,B} + ^{A,x}{<l>,B} + ^{A,(j>}{x,B}, one gets 

Pm£" = ?X = °> n^ 71 "" = Rip with £± = n ^ = and = • However, 

again this reduction, implying that only the 3 Grassmann variables Q_ survive, has the 
drawback that {x^,x u }* ^ 0, {x^,p v }* ^ -r}» v . 

Therefore, starting either from Eq. (jlj) or from Eq.(|7]) one arrives at a description without 
£5 and with p^ ~ for a spinning particle with a definite sign of the energy. 

In Ref. [f2l| there is the coupling of the spinning particle to external electromagnetic 
fields. It is based on the Lagrangian 



- ^m 2 - teF^x)^^ (x„ - -£^5) - ex^(x) 
= - - ex.A^x) - 



m - F^(x)eC - —F^(x)F pX (x)eCC p e] - , (8) 

2m m 6 J V v m J 

which, besides the standard minimal coupling, has a nonminimal "mass renormalization" 
—ieF^^^ = eF flu S fJ,u . The ie coefficient in front of F^ v ^^ v ', corresponding to the absence 
of an anomalous magnetic moment of the electron, is the only one ensuring that the two 
constraints remain first class even in presence of an external electromagnetic field. 

Indeed, besides the second class constraints — |^ « and the added one (like in 
the free case) 7r 5 + -£5 ~ [eliminated by going to the Dirac brackets = irf v , 

{£5, £5}* = —i], one gets the first class constraints 
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Xd = (p„ ~ eA^x))C - m£ 5 « 
X = (p - eA(x)) 2 - m 2 + ieF^(x)^r ~ 0, 



{xd,xz?}* = ix, {x,xY = {x,Xd}* = 0. (9) 

Following the pattern of the free case one could try to eliminate 2 Grassmann variables 
by adding the gauge-fixing p D = (p-eA(x))^+m^ 5 w with {p D , p D }* = ix, {xd, Pd}* = 
(p — eA(x)) 2 +m 2 + ieF fJiU (x)C,' I C, u . This would imply £ 5 « and (p — eA(x)) M ^ « 0. By going 
to Dirac brackets one would have £ M = = — ^"^(j^eA^)^^ Besides getting 
{x^, x v }** 7^ 0, {x^,p u }** 7^ — rf v , one has a external-potential dependent transversality 
condition and no control on the possible zeroes of (p — eA(x)) 2 . 

One could also try to go to the Chakrabarti representation but now with a p^ 
which is not conserved and gauge dependent [Aa(x,p) = A fl (x)L ll A(p,p)', Fab(x,p) = 
F^ix)^ A {p,p)L v ' B (p,p)\ one gets 

X = e 2 - 2eA T {x,p)e + e 2 [A 2 T {x,p) - A 2 {x,p)] - m 2 + ieF AB {x,p)i A £ B = 
= (e-e+)(e-e_) « 0, 



~t) — e ± — eA T (x,p) + ri\Jm 2 + e 2 A 2 (x,p) - ieF A B(x,p)£ A £ B = 

zeF AB (x,p)i A i B 



- eAJx, p) + m m 2 + e 2 A 2 (x, p)\l 

V ; /V V ;L 2[m 2 + e 2 A^x,p)} 

e F Tr {x, p)F uv (x, p)£,r£,r£,u£,v i 



2[m 2 + e 2 A 2 (x,p)] 2 
Xd = [e - eA r (x,p)]| r + eA r (x,p)| r - m£ 5 « 0, 

Xr? ^ ~ 0) 

~ m£ 5 -eA r (x,p)£ r 

Xr,D = Kt ~ V I 5 i 1 + 

y m 2 + e 2 A 2 (x,p) 
| ieF AB (x,p)i A i B | 3e 2 F Tr (x,p)F Mt ,(x,j9)^ r ^ 
2[m 2 + e 2 l 2 (x,p)] 2[m 2 + e 2 I 2 (x,p)] 2 
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and the calculations become quite involved. Moreover, the separation of e = rjy/p 1 (now not 
gauge invariant) is natural from the point of view of the particle but not natural from that 
of the gauge- fixing p# pa and one has no control on the reality of the square roots. 

All these problems are connected to the fact that, in presence of external electromagnetic 
fields, one cannot diagonalize the Hamiltonian with the Foldy-Wouthuysen transformation, 
because arbitrary electric fields may create crossings of the two branches of the mass hy- 
perboloid (so that the square roots may become complex; all this is interpreted as the 
classical background of pair production). In Ref. |34| there is a study of the pseudoclassi- 



cal Foldy-Wouthuysen transformation in presence of external electromagnetic fields. It is 
shown that at the pseudoclassical level everything works with arbitrary external station- 
ary non-homogeneous magnetic fields: the quantization gives rise to a Foldy-Wouthuysen 
transformation which diagonalizes the Hamiltonian if these external magnetic fields are also 
radiation fields (i.e. they satisfy Maxwell's equations without sources). See chapter 5 sec- 
tions 5.4, 5.5, 5.6 of Ref. |36[ for the cases (supersymmetric Dirac operator) in which there 



exist simultaneous exact Foldy-Wouthuysen and Cini-Touschek transformations; for an elec- 
tron this requires zero electric field. 

Finally also the electric charge of the spinning particle may be described at the pseu- 
doclassical level (quantization of charge) with a pair 9, 9*, of complex Grassmann variables 
[see for instance Refs. p§|,|8|1 

L ='-{9*9-9*9) - 



Q = e9*9. (11) 

Now there are the extra pairs of second class constraints Tig + |#* pa 0, ire* + |0 ~ 0; 
the Poisson brackets {6, ire} = {9*, ire*} = —1 become the Dirac brackets {9,9*}* = —i. 
The quantization sends 9, 9*, in the annihilation and creation operators b, b\ of a Fermi 
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oscillator, so that the quantum electric charge Q = e¥b has two levels: Q=0 and Q=e. 
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III. NEW SPINNING PARTICLE ON SPACELIKE HYPERSURFACES. 



To define a charged spinning particle with a definite sign of the energy on spacelike 
hypersurfaces, we shall start with the Lagrangian description of a charged scalar particle 
[see Refs. MM] with a real Grassmann 4-vector £ m (t) [but without £5] for the description 
of spin, we shall make the Legendre transformation to the Hamiltonian formalism and then 
we shall add a Hamiltonian odd second class constraint (like ~ of the previous 

Section) eliminating one of the components of £ M . At the end of the Section we shall find 
the Lagrangian for this system, by making the inverse Legendre transformation, only in the 
free case, because the full Lagrangian with also the electromagnetic field is too complicated 
and not illuminating. As usual in relativistic particle mechanics, only the Hamiltonian 
description is tractable, because the Lagrangian one is too involved and very often it is 
impossible to get it in closed form. 

Let us first review some preliminary results from Refs. [|8]|| needed in the description 
of physical systems on spacelike hypersurfaces, integrating it with the definitions needed to 
describe the isolated system of N scalar particles with pseudoclassical Grassmann-valued 
spin and electric charges plus the electromagnetic field [|J. 

Let {S T } be a one-parameter family of spacelike hypersurfaces foliating Minkowski space- 
time M 4 and giving a 3+1 decomposition of it. At fixed r, let 2 M (r, B) be the coordinates 
of the points on S r in M 4 , {B} a system of coordinates on E T . If a A = (cr T = t;B = {o~ r }) 
[the notation A = (r, f) with f = 1, 2, 3 will be used; note that A = t and A = f = 1, 2, 3 
are Lorentz-scalar indices] and d A = d/da A , one can define the vierbeins 

4(r, B) = d A z»(r, a), dzz\ - d A z% = 0, (12) 

so that the metric on S r is 

9A&(t, B) = z^(t, B^^z^t, B), g TT (r, B) > 0, 

g(r, B) = -det\\g A£! (T,B) || = (det\\z^(r, B) ||) 2 , 

j(t,B) = -det \\gfs{r,B) ||. (13) 
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If 7 rs (r, a) is the inverse of the 3-metric ^(t, a) [7 rM (r, a)^s(r, a) 



51], the inverse 



g [r, a) of g A B(j, a) [g AC (r, a)g eh (r, a) = 5 A ] is given by 



9 TT {r, a) 



7(r, a) 



9(r, a) ' 
g Tf {T,a) = -[tg T ^ f ]{T,a), 



so that 1 = g (t, a)gg T {r, a) is equivalent to 



We have 



and 



9(t, g) 
7(r, a) 



5f rr (r, ct) - 7 rs (r, a)g Tf (r, a)g TS (r, a). 



z»{r,a) 



U^ + g Tf Y S z^(r,a), 
V 7 



(14) 



(15) 



(16) 



V ^ = z^r,a)g AB (r,a)z^T,a) 
= (IT + z r V%)(r,a), 



(17) 



where 



nr,B) = {— e^zfzlzj)(r,a) 
/ 2 (r,a) 



1, l fl (T,a)z^(r,a) = 0, 



(18) 



is the unit (future pointing) normal to S r at z^(r, cr). 

For the volume element in Minkowski spacetime we have 



(fz = z${t, a)drd 6 T, IJi = dr[z^{r, o%(t, B)]J^{t, a)d 6 a 



g(r, <j)drd a. 



(19) 



Let us remark that according to the geometrical approach of Ref. [II], one can use 



Eq.(|T6]) in the form z${t,B) = N{t,B)1»{t,B) + N f {r,a)z£{T,a), where N = Jg/j 
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tt 9rf9rs and N f ' — 9rs r y sr are the standard lapse and shift functions, so that 

9tt = N 2 + 9fS N f N s ,g Tf = 9 rsN s ,g^ = N~ 2 ,g^ = -N f /N 2 ,g™ = 7"" + ^, 

The rest frame form of a timelike fourvector p^ is P M = r/^/p 2 ^; 0) = r/^rj^/p 2 , P 2 = p 2 , 

o 

where 77 = signp°. The standard Wigner boost transforming P M into p M is 

— Vu ' A 2 ~~ 

P p-P +p 2 

[u^(p) + ui*(p)){u v (p) + u u (p)) 



= < + 2^(pK(p) 



1 + u°(p) 



u = e»{u{p)) = u»{p)=p»/^p 2 , 

» = r ^u(p)) = (-u r (p)-5l-^^). (20) 

o o 

The inverse of L^ v (p,p) is L^(p,p), the standard boost to the rest frame, defined by 

L^(p,p) = L v »(p,p) = L^(pMp^p- (21) 

Therefore, we can define the following vierbeins [the e^(«(p))'s are also called polarization 
vectors; the indices r, s will be used for A=l,2,3 and o for A=0] 

e^(p)) = LVpi), 

e A Mp)) = L\(P, P ) = V A %ue' B Hp)), 



ej(«(p)) = V^e u (u(p)) = u„,{p), 

e^(p)) = u A (p), (22) 



which satisfy 

<(«(p))<i(«(p)) = <, 
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rT = e*X(u(p)) V AB e v B (u(p)) = u»(p)u v (p) - £ e£(t*(p)K(u(p)), 



r=l 



Vab = <&(u(jp))Vi*>(?b{u(p)), 

Pa df/ A{U{P)) = Pa dfa e " HP)) = °" (23) 

The Wigner rotation corresponding to the Lorentz transformation A is 

(l ^ 



R\{A,p) = [L(P,p)A- 1 L{Ap,°P)f v 



v R^{A,p) j 



R J (A J p) = (A- i y 



"■ ; [(A-')°, - « A ")°° - 1)P ^\ (24) 



p° + ri^/p I p p (A- 1 )P + ri^fp 1 

The polarization vectors transform under the Poincare transformations (a, A) in the 
following way 

e?(u(Ap)) = (R- 1 ) r s A» u e:(u(p)). (25) 

In Ref. ||, the system of N charged scalar particles was considered. As said in the 
Introduction, on the hypersurface S T the particles are described by variables ^(t) such that 
xf(r) = £ m (t, ffi( T ))- The electric charge of each particle is described in a pseudoclassical 
way PSI] by means of a pair of complex conjugate Grassmann variables 0«(t), 0*(t) satisfying 
[Ii = I* = 6*6i is the generator of the U em (l) group of particle i] 

0? = 0* 2 = 0, 0*0* + 0*0^ = 0, 

e i e j = e j e i , 0^ = 0*0*, 0*0* = 0*0*, (26) 

This amounts to assume that the electric charges Qi = ei9*9i, Qf = 0, are quantized with 
levels and |^8| as already said. 

Let £f (t) i = (1, ...,N) be the Grassmann variables describing the spin of the spinning 
particles (they are assumed to commute with the Grassmann variables describing the electric 
charges) 
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On the hypersurface E T , we describe the electromagnetic potential and field strength 
with Lorentz-scalar variables A A (r,a) and F A g(r,a) respectively, defined by 

Aa{t, o) = z\[t, a)A lx {z{r, a)), 

F AS (r, a) = d A Az(r, a) - d s A A (r, a) = z\{r, a)z%(r, B)F^z(r, a)). (28) 

Momentarily disregarding the problem to reduce the £f variables to only three for each 
particle, we shall assume the following Lagrangian density for the isolated system of N 
spinning charged particles plus the electromagnetic field on spacelike hypersurfaces, since it 
generalizes the Lagrangian for N charged scalar particles || incorporating simultaneously 
the main properties of the Lagrangian (^)] 

N ri i 

C (r,a) = E^-ViiT^-mrMr) -9^)9^)) - -^W(r) - 

i=i 



\J9tt(t, a) + 2g T ?(r, a)rjf{r) + g? s (r, a)?)f (r)?)f (r) - 



- Qi (r)(A T (r,a)+r,tA,(r,a))}- 1?^F A6 (t, B)F Gt) {r, a)g AG (r, a)g^(r, a). (29) 

The main point is to see whether this Lagrangian gives rise to a consistent set of con- 
straints, reducing to the constraints for the scalar case of Ref. H by eliminating the spin. 

The canonical momenta are [E f = F fT and B f = \e fS iF § i (e fi i = e rst ) are the electric and 
magnetic fields respectively; for g A g — > r/ A ^ one gets tt v = —E f = E r ] 

, s d L L(r) i . , 
txq- (t) = . v ; = — 9*(r) 

8 l L{t) % 

7Tfl*(r) = — : = — OAt) 

A ' d9*i(r) 2 lK ' 

N s d L L(r) i 

p M (r, a) = - gf}^^ =J2 63 (°- Vi(r))Vim 
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y/g T r(r, a) + 2# rf (r, a)?)[(r) + g fi (r, (r)?)f (r) 

AT 

-E*V-*0-)) 
i=i 

z T ^r,a) + Zf^r,a)f]l(T) 
\fgrrir, a) + 2g Tf (r, B)r^{r) + g H (r, (t^t) 

+ ^{{C P (r)£f (r)Mr, *)(^VV fi + // " V'* // ") + 

^rr(r, 6 s ) + 2g Tf (T, a)?)f (r) + g fS (T, &)vt (t)v! (r)) + 

+ ^^[(g TT z T , + g^z f ,)(r, a)g A6 (r, a)/ 6 (r, a)F M (r, a)F G£) (r, 
- 2[z T ,(r, d)ig A g r g" n + g "' g l! g . a) + 
+ z f ,(r, a)(g Af g^ + g A ^g fd )(r, a)g* D (r, a)]F M (r, <f)F ei> (r, a)} = 



= r ?lV / m2- ? g,(r)ef(r)e(r)^(r,r/ l (r))^(r,r/ J (r))F^(r,r/,(r)) 
gAr, fji{r)) + g fS {T, Vi{r))r]f{r) 
\jgrr{r, ffi(r)) + 2g Tf ( y r, ^(r))?)? (r) + g fS [r, 
+ e^(r)^(r)^(r,r/,(r)), 



— *\ d£(r, <j) = 



dC(r,ff) 7 (r,ff) „, ^/ _ _ M ^ 



+ f> 3 (a- ^(r))^^glgl&fc ^ (r ' ^(r, ff) = 
i=i y'mf - 7 rs (r, 5) Mr) Mr) 

( : '' i 7 "(r, *)(£,(r, <?) + <?™(r, *) 7 **(t, ^e^r, a)) + 
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+ £;*■<* - m ^f™^^ -/^, si (so) 

i=i y'mf - 7 rs (r, a)£^(T)£^(r) 

Let us note that, due to the interaction of the electromagnetic field with the spin, the 
electromagnetic momentum 7r r (r, a) has an extra term concentrated on the particles. 
The following Poisson brackets are assumed 

{A A (T,a),n*(T,a')}=45 3 (a-a'), 

{^(r),7r^(r)} = -Sij, 
mr),*8-j(T)} = -5 ij , 

= -vr- ( 31 ) 

The Grassmann momenta associated with the Grassmann variables describing electric 
charges give rise to the second class constraints ir ei + |0* 0, 7i>j + |0j « [{7^ + 
|#*, 7Te* j + = —iSij]; Trei and 7f6»* j are then eliminated with the help of Dirac brackets 

{A, B}* = {A, B} - i[{A, n ei + fa{it e *i + fa B} + {A, ^ i + fafai + fa B}] (32) 

so that the remaining Grassmann variables have the fundamental Dirac brackets [which we 
will still denote {., .} for the sake of simplicity] 

{6 1 (t),9 j (t)} = {9:(t),6*(t)} = 0, 

{6 l {r),e*{r)} = - l 5 l3 . (33) 

Moreover, we also have the following primary constraints 

Xt{r) = K (r) - far) » i = l,...,N 

7r r (r, a)«0 

<?) = /V( r > <?) - ^( r > <?) [ / 1 ^(^ °)9¥*(t, ^)vr s (r, a) + 
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+ ^^ ,a) Y\ T , a) 7 ™(r, ff)F m (r, a)F^(r, a) + 



N 



i=i 

■ yjm? - 7 «(r, 3){k i¥ {r) - Qi{r)A r , (r, a)){k iS (r) - Qi{r)A s {T, a)) + 
1 



A' 



+ , -- = E *V " ^(r))5 3 (a - %(r)) • 

_ ^^■g t (r)g j (r)er(T)g(T)/ M (r, g)^, ? (r)ef (r)lg(r, ff) 
\Jmj- 7 fS (r, B)kif{r)k ii {T)^m 2 j - Y s (r, a)kjf{T)kj- s {r) 



+ 



A? 



+ 



-7— =E*V-#(i-)) 

^7(r, a) i=i 

iKGiW(T)£r(T) 



\Jmj- 7"(r, B)kif{r)ki S {r) 



Ih(t, a)z Sv (T, a)7r s (r, a) + 



i=l 



^/m? - 7"(r, a)kif{r)kis{T) 



Zuii{t, v)zv„{t, a)Y u (r, B)^ sv {t, <?)F^(r, a) 



+ 



7"~(t, erjz^T, a) [F m (r, a)Tr u (r, a) + 
+ Y / S 3 {3-ff i {T)){k H -Q i {T)A ¥ {T, a)) 



0. 



(34) 



As we see, the component of TC^r, a) along Z M (r, a) [i.e. orthogonal to E T ] contains the elec- 
tromagnetic energy density and also "spin-spin", "spin-electric field" and "spin-magnetic 
field" interactions. All of them are necessary to get the first class property for these con- 
straints. Instead the components of 7^ M (r, a) along z?(t, a) [i.e. tangent to E T ] contain only 
the electromagnetic Poynting vector as with scalar particles ||. 
The canonical Hamiltonian is 

H c = - J d 3 aA T (r, a)T(r, a) (35) 

with T(r, a) = <%7r r (T, a) — J2iL± 5 3 (a — ifi(T))Qi(r). The Dirac Hamiltonian is 

N 

H D = H c + J2^(r)xUr)+ / d 3 a[X^ + /i r 7r T ](r, a); (36) 
i=i 

since [xf (t)]* = —Xi( T ) are immaginary odd quantities, Hp is real if the odd multipliers 
are real: /^(r) = ^(r). 
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Since we have 



{x?(r),X?(T)} = nr^, 
{H»(T,a),xUr)} = -UT,a)[ 



5\a-^(r))Q 3 (r)U^ 



+ 



N 

E 

j=l yjm] - ^ uv K ju {j)K jv (T) 

i 5 3 (a-ff t (r))Q t (r) 



5 3 (a - %(t))Q<(t) 



n s {l v zU?{r)-Lz^{r)) 



we see that the constraints xt ~ are second class. By replacing the constraints W M (r, a) « 



4^V C ^f(r)](r,a)^0, 



(37) 



with the new ones 

W^r, a) = W„(r, a) + *£{^(t, a), Xi(r)}Mr) « 0, 



(38) 



i=i 



we have that the new constraints are first class [the first line vanishes weakly by definition 
of H'^r, a)] 



{^;(r,a), X r(r)}«0, 



1 (tt ^t, g) - 7r|(r, a)) 
\/7(^) 



+ 



-^(r, a) 7 Mr (r, 5)F„(r, <x)7 s >, a)z, v (r : a) ■ F(t, a)5\a - <?) » 0, 



(39) 



with 



A' 



tt£(t, a) = iJ2 - ^(t))?7-, 



(40) 



i=i 



In the previous equation we have anticipated the fact that the time constancy of the 
primary constraints implies /%(r) ~ / d 3 a\ u (r, ct){H u (t, a), Xin(. T )} and the Gauss law 
secondary constraint 



N 



T(r, a) = d f Y\r, a) - £ 5 3 (^ - ^(t))Q*(t) » 0, 



(41) 
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Therefore, we get a consistent set of second and first class constraints. Then we can see 
what happens if we add by hand the following constraints (assumed to belong to the set of 
primary constraints of a modified Lagrangian), which generalize p^ ~ of the previous 
Section to spacelike hypersurfaces, to the set of Eqs.(f 



1 - r ,3. > - 1 



Mr) = (vrf(r) + -tf (r)) d*ap»(r, a) = « (r) + -£f (r) W « 0, 



with p% = J cPap^ir, a). Now one has the algebra 



(42) 



{Xf(r), X ■ (r)} = itr««, {X?(r), &(r)} = 



{W M (T > ^) ) xr(r)} = -i M (^5)[ 



5 3 (^-^(r))Qi( 



y/iriiy/m% - 7* ss K ir (r)K is (r) 



^ ( 5 3 (ff-^(r))g j (r)/ Q e"(r) „ , „ 



+ 



i 5 3 (a-r/ l (r))Q i (r) 



Tr^faffto - Wff (r)) 



v 7 ^ rii^mf - 7"K ir (r)fi;i S (r) 



{W M (r, <M r )} = Pbu{H^{t, a), Xi( T )}- 



(43) 



If we define 



TV 



(r, a)= H,(r, a) + i ^{H^r, a), X Kr)}xUr) + 



i=i 



iV 



Ps i=l 



we get 



{K(r, <?), tf(r)} « 0, {K(r, a), fc(r)} « 0, 



(44) 



{HI (r, o),HI(t, a')} « [(^(r, B)z ¥v (t, a) - l u (r, a)z^(r, a) 



{ir ¥ (r,a) - nt(r, a)) 



+ 



-^u(r, <?) 7 ^(r, £)F«(r, a) 7 ^(r, a)z^(r, a) ■ T(r, cr)5 3 (a - <?') « 



(45) 
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with the same vr^(r, a) of Eq. 

By introducing the Dirac Hamiltonian [p*(r) = Pi(r) are real odd multipliers, since 
#(r) = -&(r)] 



+ 



iV 



+ £[aW*(t)+^M(t)], (46) 

i=l 

we have that the time constancy of the primary constraints implies: i) /^(t) ~ 
S^aX u (T,ff){n v (r,ff),XiM}\ ii) Pi{r) « / rf 3 ^(r, *){W„(r, a), &(r)}; hi) r(r,cx) « 0; 
iv) no further condition is implied by the time constancy of the Gauss law constraint. There- 
fore, we have that the constraints </>i(r) ~ 0, xt ( T ) ~ are second class, while W*(t, c?) « 0, 
7r T (r, <t) « and T(r, a) « are first class as expected. The final Dirac Hamiltonian is 

= / dV[A"(r, ^)K( r ' ^ " A -( r ' *) r fr *) + Vt(t, ^)7r T (r, a)] . (47) 
The conserved Poincare generators are 

P» = Jd 3 ap»(r,a) 

r N 
J" = j d 3 a |>(r, ff)p v (r, a) - «*(r, a)ff(r, a)] - £ [tf (tK(t) - ^(tK(t)] . (48) 



i=l 



Since is a constant of the motion independently from the isolated system under inves- 
tigation, we have the possibility of reducing the £f s from 4 to 3 for each particle indepen- 
dently from the interactions but at the price that the whole hypersurface S T is involved in 
the reduction [it weakly depends on the total 4-momentum of the isolated system by using 
W M (r,*)«0]. 

Since this Hamiltonian definition of spinning particles plus the electromagnetic field on 
spacelike hypersurfaces gives a perfectly consistent set of constraints, we can ask about the 
Lagrangian generating it. 

In the case N=l and in absence of the electromagnetic field, we have the primary con- 
straints (besides the ones associated with the Grassmann variables for the electric charge) 
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n^T^) =Pp(T, ff) -5 3 (<j-?/(r))[/ M (r, ff)r]^/m 2 - 7«(r, a)/t f (r)^(r) + 
+7^(r,a)^(r, 5)«j«(r)] « 0, 
X M ( r ) = ^00 - ^(r) w 0, 

0(r) = (tt m (t) + ^(r)) / ^Vfo ff) « 0, (49) 

which give the Hamiltonian definition of the spinning particle with definite sign of 
the energy. The derived vector p M (r) = Z M (r, ff(r))ri^Jm 2 — j fS (r, ^/(r))^ (t)ks(t) + 
7 rs (r, t](t))z^(t, fj(T))K?(r) is a solution of the mass-shell constraint p 2 — m 2 « with 
signp° = T). The Dirac Hamiltonian is if/) = / d 3 <7A M (r, ff)7i^{r, ff) +/i /j1 (t)x^(t) + A(t)0(t). 
One has ^(r, <?) = {^(r, a), = — A m (t, a) — A(t)^(t). This equation determines 

A"(r,*). 

The inverse Legendre transformation, after having used the constraints x M ~ 0, 
TC^(r,ff) pa 0, to eliminate the momenta 7r M (r), p^(r,ff), and the Hamilton equations 
ff(r) ± {ff(r), H D } = A„(r, ^(r)){P(r, + 7 »(r, flr)K(r, iffr))} 

to eliminate «(t), gives the Lagrangian 

L = - rfn? ~ J d 3 az^(r, a)p ll {r, ff) - H D = 
= Jd 3 a5 3 (a-ff(r)){- l -Urmr)- 

- V m \j9rr(T, ff) + 2g Ti ,(T, ffjtf ' (t) + g fS (r, a)f] f (T)f]' s (r) - 

- Kv^iVVm 1 == (r,(j)} = 

sjg TT + 2g Tf r] r {r) + gfsV r { T )V s { r ) 

= Jd 3 a5%ff-v(r)){- l -Ur)e(r)- 

- V m \Jgrr(T, ff) + 2g Tf (T, ffWij) + g fS (T, B)rf (r)?f (r) - 

- A(r)^(r)iym ~„ > ( 50 ) 

Vffrr + ^9rfV r { T ) + 9fsV r { r )V s { T ) 

By considering A(r) an independent variable, this Lagrangian generates the primary 
constraints x^ 7 ") ~ 0, 7i M (r, (?) ps and it\(t) pa and the Dirac Hamiltonian H D = 
A(r)0(r) + / d 3 a\' 1 (T, ff)H^(r, ff) + Av( r )x M ( r ) + ((t)tt x (t). The time constancy of this 
last constraint generates the secondary constraint 0(r) pa and its r-constancy implies the 

30 



vanishing of the multiplier C( r )) so that we get the desired Dirac Hamiltonian with A(r) an 
arbitrary gauge variable. 

It is interesting to note that this Lagrangian is the reformulation on spacelike hypersur- 
faces (therefore with only one sign of the energy) of the manifestly covariant Lagrangian 
L{t) = — §£ m (t)£ m (t) — r]mJx 2 (r) — i\{r)^{r)rim-y=^ to be compared with Eq.(7). 

With the same technique one could try to get the Lagrangian generating Eqs. (|34f) and 
( fl2f) as primary constraints. However, we shall not do it, because the resulting Lagrangian 
would be very complicated (due to non-minimal couplings) and not very illuminating. 
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IV. THE RESTRICTION TO WIGNER'S HYPERPLANES 



As shown in Ref. ||, the restriction from arbitrary hypersurfaces to hyperplanes is done 
by introducing the gauge-fixings 

e(r, a) = z»(t, a) - <(r) - b^(r)a f « 0, 

{C^r,a),ni(r,a')} = - v ^(a-a'), (51) 

and the Dirac brackets 
{A, B}* = {A, B} - J d 3 a{AC fl (r,a)}{n;(r,a),B} + J d 3 a{A,H;(r,a)}{C(r,a),B}. 

(52) 

The hyperplane is described by 10 configuration variables: an origin x%(r) and the 6 
independent degrees of freedom in an orthonormal tetrad &a(t) [b^rj^bg = rj^] with 6^ = 
Z M , where Z M is the r-independent normal to the hyperplane. Now, we have Zf(r, a) = bf(r), 
z!?(T,d) = x%(t) +b^(r)a f , ^«(r,5) = -5, s , Y s (r,a) = -5 fS , j(t, a) = detg fB (r,a) = 1. 
The nonvanishing Dirac brackets of the variables x%, p^, 6^, S£ u , A^, n A , , 7rJ are 



> 



R(t)X}* = -7/ 

{5r(r),Sf(r)}* = ^r^f(r), 

{^(r),<(r)r = -ir^- (53) 

While p^ 1 is the momentum conjugate to the 6 independent momenta conjugate to 
the 6 degrees of freedom in the 6^'s are hidden in S£ u , which is a component of the angular 
momentum tensor 



jHU = jjiv + g„p + ^ 
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Sf = 6jf (r) J d 3 aa f p u (r, a) - b u f (r) J d 3 aa ¥ ff(r, a), 

N 



i=l 



r T/iv ja/3\* ^ifiuafi j<yS r r/ji/ ja/3\* ^y^i/af3 j 

\J , J ) — 7<5 J , \Li s ,L, g | — i^ lS L, s , 

f Cfiv qa/3\* f~iiiva.fi q^S j cfif q<x/3\* s-yfMvafS q-yS 

cy^ = + <%V Q - <%V a - (54) 

Then, we eliminate the second class constraints xt ~ 0> 0« ~ with the new Dirac 
brackets 

N ■ N 

{A, B}* D = {A, B}* + i ]T{A tf(r)} VWW. 5 F " - £{ A (55) 

i=l Ps i=l 

Now we have 



er (r) Pstl = o, 



=► er(r) = ed(r) = if-^o-) = (»r - #)^), 

Ps 

AT 

sr=-*E^. p^r^°- (56) 

1=1 

However, now we get the following non canonical Dirac brackets on E T # 



i=i PS P* 



{er(r),ej(r)}L = i(»r - = (57) 

Ps 

In this way, we have eliminated the components of £f parallel to p% in a Lorentz-invariant 
way as in Eq.(|4|) and in the Hamiltonian theory associated with Eq.(0). The spin of each 
particle is described only by 3 Grassmann variables and the spin tensor Sj? u satisfies a 
Weyssenhoff condition. The angular momentum tensor becomes 
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iV 

T = -^Eef(T)er(T), 

i=l 



f T tiv ja(3\* s-iiivaP T<yS pfivafl q-fd 

X^s i^s ID — °7<5 ~ ^-yS D £ > 

( t fiv o a P\* piiua/3 q7<5 

{Lf + Sf , Lf + }^ = C% aP (L? + S ; 



7«5\ 
€ J' 



PtiiuaB PsPs v a 1 PsPs a P PsPs v PsPs 11 a 
js = —rV y Vs + ~^-VyVs —V~/Vs —V^Vs ■ 

Ps Ps Ps Ps 



(58) 



Since by asking the time constancy of the gauge fixings (|51|) we get || A M (r, a) = 
A>(r) + \» v {T)W f {T)a f , A>(r) = -z£(r), A>(r) = -A^(r) = ± Er[fe - W](r), the 
Dirac Hamiltonian becomes 

E F D = /(rjff^r) - ^(r)F^(r) + | dV[ - A r (r, *)r(r, <?) + // T (r, 5> T (r, B)] (59) 

and we are left with only 12 first class constraints 



7r r (r, a) « 0, 

T(r, a) = <9 r V(r, B) - £ 5 3 (<? - Vi(r))Qi{r) « 0, 



N 



H^t) = J d 3 aH^T, B) = p SlM - V{ / 



) + 



A' 



8=1 



iV 



+ « £ <* 3 (^) - • 



+ 



3 1 J 

+ «2^^ — / 5 -br^h u {T)Tc (r,77i(r)) + 
i= i Jm 2 + kf(r) 



34 



+ M^){ / ^[TfABl^^+JlM^) - Qi(r)A,(r,^(r))]} « 0, 

i=l 

ff"»( T ) =V((t)J <JWW(t, 3)-V,(t)J dWWfT, ff) = 

= STW - WWlf - *(r)l?){ / d 3^ ^(r,g)+^(r,g) + 



1 ^ 



V"if + Af(r)^ + A:?(r) 



N 
I 

8=1 

+ z 



E rf(r)^^2y£^6 r/l 6 ft ,(r)7r'(r, ^(r)) + 
•=i Jm^ + kf(r) 



+ (tfW(r) - 6JI(r)6Sf(T)){ / dW[* A S] a (r, a) + 



iV 



8=1 



+ E*t)Nt) - Q t (r)^(r,r/,(r))]} « 0. (60) 



The next step [0] is to select all the configurations of the isolated system which are 
timelike, namely with p 2 s > 0. For them we can boost at rest with the standard Wigner 

o 

boost L^ipsjPs) for timelike Poincare orbits all the variables of the noncanonical basis x%(t), 
£ , 6j(r) , S?{t) , A A (r,a) , n A (r,a), r/ 4 (r) , h{r) , 6 t (r) , 6*(r) , £f(r) with Lorentz 
indices (except p%). This is a canonical transformation generated by e^'^^ with generating 
function [see Appendix A of Ref. [13] for a similar transformation] 



P 



T{t) = l ~u(jp s )I» v (jp s )S^{T)., 



El 



Hp) = II i(pr„ 11= 

v ^ o 

\\p\ u / 

= -i^( P ), i 3 (p) = i(p), 
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cosh a; (p) 



VPo 



sinhu;(p) = rj- 



\p\ 



m(p,p)=e X p[u(p)I(p)Z = 

= [ cosh (cu(p)I(p)) + sinh {uj{p)I{p))Y v = 

= [1 - I 2 (p) + I 2 (p) coshcu(p) + I(p) sinh uj (p)]^ 

Lt(p,p)=exp[-cu(p)/(p)]t. 



(61) 



Since we have £fp S/1 = 0, we get I^ u (Ps)S^ u = 0, so that the addition of S£ u to in JF is 
irrelevant. 

The new noncanonical basis (with the same Dirac brackets) is 
1 , , „ de B (u(p s )) 



Vs\Jp 2 s (P° s + Vsyp 2 s ) 

1 



P 2 s 



= x: 



Vs\/P 2 s 



+ 



P°s + Vs\JP 2 s Vs\lP 2 s(P° s + Vs\/P 2 s) 

Ps — Psi 'It — 'li ? K i — 71 A ~ A Ai 71 

ci 1 a* a* q q 

Si -S.il &i —Vii &i - U i 



-s?p: 



-A 

— 71 



bi = e A MPs)n 
S? = S? + le A (u(p s ))r) AB 



de B a {u{p s ))^ de B (u(p s )) 



-Ps - 



= sr + 



Vs^P 2 (P° s +Vs\Jp 2 ) 
I 

where u^(p s ) = p%/r) s yjp% = L%(P s ,p s ) [n s = ±1]. 
For later use, let us introduce the spin tensors 



dp s ^ s dp Sv 

ps^p: - 5fx) + vsJ? s (s°/p: - s?tf) 



(62) 



=<AB 



e A MPs))e B Hp s m\ 



gAB _ A , V \ ,_B 



4(u(ps)KHps))s^. 



(63) 



Since 4VPs = implies £j r = 4V wM (Ps) = ^L^(P s ,Ps) = 0, we can reduce to 3 for each 
particle the Grassmann variables describing spin 
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^(r)^el(u(p s M(r) r = 1,2,3. (64) 



Then, we get 



Sf = 0, 

N N 

s? = -iE*«(p.)K(«(p« = -<E££. 
i=i i=i 

i N - 



The C r (r)'s satisfy 



2 

^ = -^™^rC- (65) 



If we define 



{■r'^Vn -^f^C. (66) 



= - ^(«(p.))^^^^(5r" + S^), (67) 



we get 



\ x s>PsJD — '/ J 

{x^x:}* D = 0. (68) 

Therefore, with respect to the Dirac brackets {■, - }* D we have obtained a basis in which 
x%(t), A^(r,a), tt a (t : <j), ^(r), Kj(r), £[(r), ^(r), 0*(t), are canonical variables and 
only &^(t), S£ u (t), are not canonical. The new canonical origin x^ of the hyperplane has 
the same noncovariance of the Newton- Wigner position operator. In terms of this variable 
we get 



37 



1 



-Ps 



dp. 



PS 



qpcr 





— Ly 7 <5 J 


J Q/J^ QO/9-1 * 


— °7<5 ^£ J 


J Gl tl/ Q a fi\ * 






— s t a @\* — S f a P\* — n 

— l D s ) u s SD — 1 D £ ) u s SD — u > 




Qpua/3 jjS 



(69) 

As shown in Ref. 0, we can restrict ourselves to the Wigner hyperplanes £ t vk with 
P = u^(p s ) [i.e. orthogonal to p^] with the gauge-fixings 



ft 11 



64l 



A v ' A=A 
A 



Hps)) « o 



(70) 



which imply the new Dirac brackets 

1 



{A bYd = {A b Yd - i 



{A,H^U^(u(p s ))- VSa e^(u(p s ))){T^B}% + 



+ {A,T°}* D (p au e*(u(p s )) - Vaix e*(u( Ps ))){H^,B}* D 



(71) 



The gauge-fixings ( |70"D imply X^ u (t) « [their time constancy], &^(t) = L^a{PsiP s ) and 
7i M ^(r) = [namely the determination of in terms of the variables of the system]. The 
remaining variables form a canonical basis 

K(r),PlK = -f, 

{^Uj(r)}L* = -^ r %, 

{A A (T,^,7r^y)}S = i£<P(*-*'). 
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(72) 



As shown in Ref. ||, the dependence of the gauge-fixing (ffOl) on p^ implies that the 
Lorentz-scalar indices A become Wigner indices A: i) Aa= t {t, a) is a Lorentz-scalar field; ii) 
Aa= t {t, cr), £,i( T )i Vi( T )i K ir( T ), are Wigner spin 1 3- vectors which transform with Wigner 
rotations under the action of Minkowski Lorentz boosts. 

On T> T w the Poincare generators are 



jr = - Kit + s"> 



s £ ' 

5 ir S rs p s s 



P°s+Vs\P 2 s 



3*3 = s^p'S* 8 , 



because one can express S^ u in terms of S AB = e^(u(p s ))e B (u(p s ))S^ u . 



Since H' 1v {t) = implies 

ST = (e?(«(p.)K(p.) - <(«(p.)K(p.) 



:7f 2 (r,a) + J B 2 (r,a)) 



+ 



N 

+ E tfM W™» ? - (t)£?(t)F w (t, tfr) + [h(r) - Q l A(r, Vi)?} + 



i=l 



- iec:(«(p s ))e^Kp s ))-e^(«(p s ))e^(«(p s )))^ / d aa r {Tr A B) s (r, a) + 

N 



+ Y,vKr)(kis(r)-Q i (r)A s (T,ff i ))}, 



i=l 



we get 



= (A ^5 - 



;7r 2 (r,a) +J B 2 (r,a)) 



+ 



A' 



+ E tfOW™? - iQi{T)${T)Q(T)F w {T, rk) + Mr) ~ QiA{r, #)] 2 
- (5?5f - SfSf) [ J d 3 aa r (n A B) s (r, a) + 

N 

+ J2vKr)(k i s(r)-Qi(r)A s (T,ff i )) 



+ 



i=i 



(73) 



(74) 



(75) 



However, S° r does not contribute to the previous realization of the Poincare generators, 
which defines the rest-frame Wigner-covariant instant form of dynamics. 
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The original variables z^(t, a), p At (r, a), are reduced only to x^, on the Wigner hy- 
perplane Y* rW . On it only 6 first class constraints survive 

7r T (r, 5)«0, 

iV 

T(r, a) = «9 r 7r r (r, a) - £ Q,,5 3 (a - ^(r)) « 0, 

i=i 

^(r) = - [u»( Ps )H rel (r) + e?(u(p s ))H pr (T)\ = 
= u^p s )H(r) + e?(u(p s ))H pr (T) « 0, 



or 



#( r ) = VsJp 2 s - H re i(r) = r) s Jp\ 



r, a) + 



+ $> • V™ 2 - ^.W^WaW-F^r,^) + [^(r) - Q^A^)] 2 « 0, 



H w {t) 



r N 

I d 3 a[n A B] r (r, a) + £ [^(r) - Q<(r)A-(r, $)] « 0, 

i=l 



{^(r),^(r)}^ = y dV{ - ^(p s )e?( M (p s ))] 7r r (r, a) + 

- e^( M (p s ))F rs (r,a)er( M (p s ))}r(r,a) « 0. 



(76) 



Let us remark that on £ T vy in H{r) ~ the "spin-spin" and "spin-electric field" interac- 
tions have disappeared [also the quantity vr^(r, a) vanishes]. There is only the "spin- magnetic 
field" interaction 



-2QiS^ ■ B(t, ffi), Sit = x & 



(77) 



like in the nonrelativistic Pauli equation 

Therefore, we get a kind of "relativistic Pauli Hamiltonian" describing the interaction of 
a massive spinning particle belonging to the (|,0) representation with the electromagnetic 
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field, whose nonrelativistic limit is the pseudo-classical form of the ordinary Pauli Hamilto- 
nian. 

The constraints H p {r) ~ identify the Wigner hyperplane S T vy with the intrinsic rest 
frame (vanishing of the total Wigner spin 1 3-momentum of the isolated system) and say 
that the 3-coordinate a = fj +system of the center of mass of the isolated system on T, tW is 
a gauge variable, whose natural gauge-fixing is fj +system ps [so that it coincides with the 
origin of T, rW : x%(t) = z^(r, a = 0)]. 

On E T iy the Dirac Hamiltonian becomes 

H D = X(t)H(t) - A(r) ■ H p (t) + J d 3 a[- A T (r, ff)T(r, 3) + /i T (r, a)n T (r, a)] , (78) 

so that x*£ has a velocity parallel to p s M , namely it has no zitterbewegung as it happens to 
the Foldy-Wouthuysen mean position (see Section II). 

The nonrelativistic limit of H re i of Eqs.(76), disregarding the kinetic term of the elec- 
tromagnetic field due to the ambiguities in defining Galilean electromagnetism (see the two 



independent 'electric' and 'magnetic' limits of Ref. f4"3"|), is 



N 



H rel = ^ V L C 2 - • B(r^« (r)) + [«,(r) - ^/(r.^rjlf + .. = 

i=i » c c 

N N 1 Qi - Qi =• 

g ~[ 2m; c miC 

AT 

E^(t) « 0. (79) 

i=l 

Therefore we recover the classical basis of the nonrelativistic Pauli theory in the center of 
mass frame, with the same properties under parity (see for instance Ref. p. 97). See Ref. 



25| for an approach to this theory with Grassmann variables (the fibered spin structure) 



and first class constraints, generating by quantization the Pauli theory in the form of the 



Levy-Leblond nonrelativistic spin equation [24 
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V. DIRAC'S OBSERVABLES AND EQUATIONS OF MOTION. 

As shown in Ref. |2| , the Dirac observables of the electromagnetic field are the transverse 
quantities A± r (r, a), 7Tj_( T > a), defined by the decomposition 

A r (r, a) = d r rj(r, a) + A ±r (r, a), 

Qr _ N 



7T (T,(T) = n ± [T,<T) + 



i=l 



r,(r,a) = ~-A(T,ff), (80) 

while the gauge variables are A t (t, a) and 7](t,<t), being conjugated to the first class con- 
straints vr r (r, a) ~ 0, r(r, a) m 0. 

Concerning the particle variables, we have that k^(r), 6i(r), 0*(t), are not gauge invariant 
because 

{kl(r), T(r, a)}** = Q^S^a - #( T )), 
{6i(r), r(r, a)}** = ^(r)<5 3 (<7 - t£(t)), 

{9*(T),r(T,t)}n = -ie^^ia-Ur))- (81) 

Instead, the position variables ^[(t) and the spin variables £f( T ) are gauge invariant. 
The Dirac observables for the particles are obtained through a dressing with a Coulomb 
cloud 

6i(r) = e^^e^T), 
Q*(r) = e - ie ^ TA) 9*(r), 

hir) = ki{r) - Qi(r)dr](T, a) h(r) - QiA ± (r, ft) = h(r) - Q;l(r, ffi). (82) 
The electric charges are gauge invariant 

Qi = e i e*(T)6 l (r) = Q l = e.^*(r)^(r) [4(r) = Q 4 (r) = Q t \. (83) 
When the Gauss law is satisfied, T(r,a) = 0, Eq.(RDJ) implies 
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so that we get 



jv / ; 

+ E - i&SWW.M) + [h(r) - QiA ± (r, fji)] 2 } « 0. (85) 

i=l 

We see |J the emergence of the Coulomb potential from field theory and the regular- 
ization of the Coulomb self-energy (the rule) due to the Grassmann character of the 
electric charges, Q\ = 0. In this way all the effects of order Qf are eliminated, but not those 
of order QiQj, i ^ j |§. This means the elimination of all the effects connected with pair 
production, consistently with the description of only one branch of the mass spectrum of 
the N-body system (all particles have only one sign of the energy). 

There is no odd first class constraint, because massive 2-spinors do not satisfy any spinor 
equation. The quantization of this Hamiltonian in the free case gives a nonlocal Schroedinger 
equation with the kinetic square root operator |18| for a 2-spinor, which corresponds to the 
upper (or lower) part of positive (or negative) energy Dirac spinors boosted at rest [so 
that they also coincide with the corresponding parts of the positive (or negative) energy 
Foldy-Wouthuysen spinors boosted at rest; see the Appendix]. These 2-spinors are parity 
eigenstates in the rest frame. All these facts shows the similarities and the differences of 
this rest-frame representation from the Chakrabarti one discussed in Section II. 

The three constraints defining the rest frame become 

N v 

H p {t) = E h{r) + / d 3 a7f ± {r, a) A B(r, a) « 0, (86) 
i=i 

and are independent from the interactions as expected in an instant form of dynamics, like 
the expression for the spin || implied by Eq.([75|) 

N 



S7 = YM(t)^(t) - vt(rK(r)} + J <?a[o r {i( x x B) s - a s {Z x x Bf]{r, a), 

i=l 

N 

S rs = S r s s + = S r s s - i £ Cid- (87) 



i=l 
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The Pauli-Lubanski 4- vector and the spin Poincare Casimir are [e s = rj s Jpl 

yy s ~ 2 Psu J spa — 2 Psv°pa — 

— — p ' s 
= (p s ■ S; e s S + — - — p s ) = 

= \^ Pa psu{Sspa + S $pa ) ^ Wj^ + W s , 

w* = -\p 2 s s, v ~s^ = -p 2 s S. 



(88) 



This shows that S = S s + S$ is the rest-frame Thomas spin: W spj (p s ) = W SU L V p(p s ;p s ) = 

As shown in Ref. [|J, it is possible to separate the relative variables from the center-of- 
mass ones and from the invariant mass ±^/pf with the following canonical transformation 
[T s is the Lorentz-scalar time of the rest frame] 



1 N 



r ~ „0^)' 
fs 



Ps 



N 



i=l 



i=l 



N 

i=l 

a = 1, JV- 1, 



N 



N 



N 



N-l 



a=l 



i=l i=l 

The inverse canonical transformation is 



1 

N' 



(89) 



x 



,1, u 







i-k s (r s + 



■ (r. • 



p° s = e s ^l+kl 

Ps ^S^SJ 
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_ _ 1 v-. _ 

Vi = V+ + -7=L7«P<n 

ViV a 

^ = A7^ + + ^ 7ai^a- ( 90 ) 

The constraints ( jS6l) take the form 

#(r) = k+{r) + J tfW ± (r, a) A B ± (r, a) w 0. (91) 

where the second term is the total electromagnetic 3-momentum, while the spin tensor may 
be written as S™ » E^i 1 ^)*^) - p s a (r)^(r)] + / #a[{<f - ^)(^ x B) s - (a s - 

In absence of the electromagnetic field the natural gauge fixing to k, + ~ is fj + pa 0. As 
said in Ref. ||, this construction suggests the existence of a decomposition in center-of-mass 
and relative variables also of the electromagnetic field [see Ref. for a solution of this 
problem for Klein-Gordon fields]. When it will be available, one will be able to find the 
natural gauge fixing to be associated with the constraints (0) and to express H(t) pa only 
in terms of relative variables. For the time being, this constraint can be put in the form 

H{t) = e s - H re i = 

N _ 1 N-1 



iv i iv — i 

= e * - E^M + ZQiSi^r) ■ B{t,t] + (t) + -= laipa{r)) + 

i=i viv 0=1 

1 _r N ~ l 1 Jv ~ 1 

+ + ^ E Toi^a - Qi^±(r, ff+{r) + -j= laiPa(r))] 

iV a=l VJV a=1 

+ \ E Efe - 7^K(r))| - ± / ^1 + 5 2 )(r, a) « (92) 



1/2 + 



1 ^-^ O O 1 Jv-i -1 1 /• 

E J V / - - W7 (_,,| / Ji„l=2 r?2, 

We see that by putting Aj_(r, er) = vf±(r, <?) = by hand as second class constraints, one 
gets a subspace of the reduced phase space describing N spinning particles with a mutual 
Coulomb interaction. 

By adding the gauge-fixing T s — t pa [which identifies the rest-frame time T s with the 
parameter r of the foliation of Minkowski spacetime with the Wigner hyperplanes associated 
with the isolated system], whose time constancy implies A(r) = —1, we get the Dirac 
Hamiltonian 
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H D = H ra (r)-X(r)-H p (r), 



(93) 



where [the nonrelativistic limit would give Pauli theory in the center of mass frame and in 
the Coulomb gauge for the electromagnetic field] 



N 



Hrei(r) = E W m * ~ iQiCI(rMr)Frs(r, %(r)) + Mr) - Q t A ± (r, r^r))] 2 + 

1 



i=l 
1...N 



+ S Q '*4 I r|«(T)-,J(r) 



N 



E^V m i - 2QiSiz ■ B(T,fji) + [fci(r) - Q t A ± (r,ff t )] 2 + 



i=i 

I...N 



+ E QiQj 



4tt I ffi(T) -%(r) 



+ / fa 



r,<7 



(94) 



Therefore, we have a free point z s , k s , decoupled from the system describing the canonical 
noncovariant origin of the Wigner hyperplane plus a description of the isolated system in 
terms of relative variables [but it is more convenient to work with the particle positions 

m(r)]. 

We get the following Hamilton equations [as in Ref. |J it is convenient to write A(r) = 
gr); 01 = ^ - Pl*{a) = 5™ + d r d°/A, A = -d 2 } 



[h{r) — QiA±(r, fji(r))] 



mj - 2QiSif.iT) ■ B(r,ff t (r)) + fc(r) - Q^r, ^(r))] 2 
- QiA ± (T, ffi(r)) 



+ 



QiUrXS^-B^ffiir)))- 



h(r) 



N 

E 



K + Ht)} 3/2 

QiQj Vi(T)-Vj(T) 



+ 



3 =i 4vr | Vi(r) - ^(r) | 2 %(t) - ^,(r)| 

Q^S^t) ■ B{t,^{t))\ 



+ [r ] l(r)+g r (T)]Q l d v Al(r 1 v l (r))+r ]l 



mf + k 2 i(r) 



£1(t) = vi 



Q^Fsrir^T)) 



m 2 - 2Q i S ii {r) ■ B(r,ff t (r)) + fc(r) - QiA x (r, j£(r))]s 
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Vi- 



Q i a(r)F sr (r,ff l (r)) 



m t + «i [T) 



Q ?; [ J B(r,r/ l (r))x^(r)] r 



™ 2 i + 



S^{t) ■ S(t,^(t)) + ki(r) ■ A ± (r,^(r)) 



mf + (r) 



4 = o, 



A ±r (r, a) = -n ±r (r, a) - [g(r) ■ d]A ±r (r, a), 

ttKt, a) = A a A r ± (r, j£(r)) - [£(r) • ^(r, a) - 

iv 

- E^^'W +9 s (t)]pi s (z)s 3 (z- m) + 



1=1 



i=1 Jmf + k 2 i(r) 



4 



9 jgr) 9 2 2 o 



jV 

= P['(* - y(r)) £ [[#(r) + ^(r)]5 3 (<? - #(r)) 



i=i 



//n 



+ fc 2 i 



(95) 



The last equation shows that, besides the standard term for scalar particles 0, 
the nonlocal (due to the projector) particle current contains also a dipole term 



mf+K i 



S 3 (a — ffifr)) in accord with the fact that the spinning particle has 



a pole-dipole structure jPJ according to Papapetrou's classification |^S[ [see Refs. for 



other pole-dipole models and Ref. [£l7]] for their influence on the energy momentum tensor 
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of action-at-a-distance models]. 

For N=l [ffi i — ► ff., Tfii i — ► m,...} we have: i) S™ = e rst S^ = — z£ r £ s , ~ 
/ d 3 a[(a r - ?f )(tt ± x B) s - (a s - r) s ){jr ± x B) r ](r, a); ii) £ SM = fe^p^f = (§e^<W s - 
£/j,voi po+* )Ps^l s - The Bargmann-Michel-Telegdi equation jE| S M = -^F^ U H V for a spinning 
particle in an external electromagnetic field [E M = \e ilvpa P v 'S pa with P M 7^ 0] is replaced 
by the following equation for the spin part of the Pauli-Lubanski 4- vector of Eq.(88) in 
the canonical realization (73) of the Poincare group in the rest-frame instant form for the 
isolated system of a positive energy spinning particle plus the electromagnetic field [p^ = 0] 

1 fi ir n s -t 

z Ps ' s 

Q ■ 1 - W-J^K V[E(r, ff(r)) x Sj. (96) 



rj\jm A + k (t) 

Let us remark that the distribution function on the Grassmann variables introduced in 
Ref. to recover classical results as an expectation value of the pseudo classical ones , 
allows to arrive to a classical theory with a classical electric charge but without spin. 

Finally, the Lagrangian corresponding to the Dirac Hamiltonian of Eq. ( |9"4"D is 

N 

i=i / / 
- - 2Q t (r)S^(r) ■ B(r, fk(r))y/l - (^(r) + A(r) f + 

+ QMr) + X(r)] ■ ^(r, *(r)) + i £ 4 ,,^%. (r)| ) + 

+ iy + [A(r) • «9]A ± ) 2 - 5 2 ](r,a). (97) 
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VI. THE LIENARD-WIECHERT POTENTIALS. 



The last of Eqs.(95) [with the gauge condition A(r) = g(r) = 0] can be solved by using 
the retarded Green function [jj 

G ret (T;a) = (l/2n)9(r)5[r 2 -a% 

□G ret (r,*)=<f(r)<5 3 (*), (98) 

and one obtains 

A±ret( t , °) = A r ±IN (T, °) + 

+ E ^P1V){ / ^'0(r - r')5[(r - r') 2 - (a - ^(r')) 2 RV) + 
i=i 27r 7 

+ y <£r'(2V0(T - r )<J[(r - r') 2 - (a - a') 2 ] 
e^(r') 9 3 , , 



+ 2 / dr'd 3 a'9(r - r')5[(r - r') 2 - (a - a') 2 ] 

£ f^ ( :? ^v-^'))>. 09) 

where v4j_/jv(t, cr) [□Aj_/^v(r, cr) = 0] is a homogeneous solution describing arbitrary incom- 
ing radiation. 

Here we introduced the following notations. Let (r, a) be the coordinates of a point 
2 m (t, a) of Minkowski spacetime lying on the Wigner hyperplane S^(r), on which the lo- 
cations of the particles are (r, ffi(r)) [i.e. xf(r) = z M (r, ^(t))]. The rest-frame distance 
between ^ M (r, cr) and (r) is rj(r, c?) = <x — %(r); let r*j(r, a) = (a — rfi(r)) j\a — ffi(r)\ be 
the associated unit vector, r i (r, a) — 1. 

Let T i+ (r, a) [the retarded times] denote the retarded solutions of the equations 

(r - r l+ ) 2 = {a- r^+)) 2 , i = l,..,N. (100) 
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The point 2 M (r, a) lies on the lightcones emanating from the particle worldlines at their points 
xf (r i+ (r, a)) = ^(r i+ (r, a), r/ l (r l+ (r, a))), lying on the Wigner hyperplanes E w (t 1+ (t, a)) re- 
spectively. The point z M (r, a) on £w(t) will define points z M (T i+ (r, cr), cr) on the Wigner 
hyperplanes £vk(t£+(t, a)) by orthogonal projection [since (^(r, er) — (r i+ (r, a)) 2 = 0, 



we have R i+ (r,a) = yj(z(r,a) - z(T i+ (r, a), a)) 2 = yj -(^(r i+ (r, a), a) - Zi(T i+ (r, a)) 2 and 
zI*(t,o) - xf(T i+ (r,a)) = R i+ (r,a)(tf + (r,a) + sf + (r, a)) with tf + (r,a) and sf + (r,<7) be- 
ing the timelike and spacelike unit vectors associated with z^(t,<t) — z M (rj+(r, a), a) and 
^(t^t, a), a) — (r i+ (r, a)) respectively; i?i + (r, c?) is the Minkowski retarded distance 
between z^(r,a) and (r i+ (r, a))]. 

Let r*j + (rj + (r, a), a) = <r — ^(r i+ (r, a)) denote the rest-frame retarded distance be- 
tween the points z m (7V + (t, <x), a) and the points xf (r i+ (r, a)) of the worldlines belonging 
to S W /(r i+ (r, (?)) [with r i+ (rj + (r, a), a) being the unit vector, r i+ = 1]. Let us denote the 
length of the vectors r i+ (r i+ (T, a), a) with 

r i+ (r i+ (r,a),a) = \r i+ (r i+ (r, a), a)\ = \a - ^(r i+ (r, a))\ = 

= r-n + (r,a)>0. (101) 

Then, we have 

B{r-r) 5[{r-r'f-{a-Ur)f] ^ " ^ ^ 



2p i+ (r i+ (T, a), a)' 

ft+(r i+ (r, a),a)=r- r i+ (r, ct) - ^(t^t, ^(r i+ (r, a))] = 

= ^ + (T i+ (T,o% (?)[! - ffiin+ir, a)) ■ f i+ (r i+ (r,a),a)]. (102) 



Since the quantities Qi€ suv S^/rjiy m 2 + are constants of the motion as implied by 
Eqs.(95) [since S"^ and are proportional to Qi and = 0, Qi = 0], Eq.(^) may be 
rewritten as 

i=i 47r ^ + (r i+ (r, a), a) 

+ 2 _ «$(r) 
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J dr'd 3 ae(r - r')5[(r - r'f -(a- a ?]^ 3 \a' - ff t (r'))}. (103) 
After an integration by parts, one has 

drSa 6(t - r')5[(r - r'f -{a- a'f]^5 3 (a' - #(r )) = 



2tt J dr'd 3 a'G RET [r - t, \a - a\]-^5 3 (a - ^(r)) 
-2tt J dr ® Gret[t - t, \B - m{r')\] = 
9 ~ I dr'e(r - r')5[(r - r'f - \a - ^(r')| 2 ] = 



da 

d 1 



da v 2p i+ (r i+ (r,a),a) 
Therefore the retarded Lienard-Wiechert potential of the spinning particle is 



^4vr g i+ {T i+ (T, a), a 

e suv S^{r) d vPi+ (T i+ (T,a),a 



rnyjm* + ^(r) ^+(^+(t, *)» °)\ 
Eq. (|105 ) can be rewritten as 



i=1 47T v ft+(^+(r, cr),cr) 



[S 1 ^ x aft + (T i+ (T,a),CT)]'' 



+ 



^• + (r i+ (r, 3), a) r/^m? + «f(r)' 

±livV ; z. 47r [v ft+ ( rj+(r)(? ),a) 

gig x % + (r i+ (r,o ; ), ( T)] r 
ft ? + (ri + (r, a), a) W m ? + ^ 2 ( r ) 



47r 7 I a - a' \ A v ^+(r l+ (r, a ),cr') 

[S^ x dg i+ (r i+ (r, a), a 



Q 2 i+ (r i+ (r, a),a)r)i ymfT^(r) 

iV 



8=1 



i=l 



(104) 



}. (105) 
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7r rs (a) = 5 rs - (106) 



a 2 



where Axu+) (tj+(t, a), <?) is the rest-frame form of the Lienard-Wiechert retarded potential 
produced by particle i [its Minkowski analogue, i.e. the relativistic generalization of the 

Coulomb potential, is Af-, Jz) = t^—, — x jj- T%+ \ — ^ = Si M T »+) j n ^ e case of scalar 

particles]. Since we are in the rest-frame Coulomb gauge with only transverse Wigner- 
covariant vector potentials, A±^(r i+ (r,a),a) has a first standard term generated at the 
retarded time T i+ (r, a) at xf(r i+ (r, a)), which is, however, accompanied by a nonlocal term 
receiving contributions from all the retarded times — oo < T i+ (T,a) < r., which is due to 
the elimination of the electromagnetic gauge degrees of freedom [this is the origin of the 
transverse projector]. If we put the A±^ i+ - ) (rj+(r, a), cx)'s in the particle equations (95), with 
A±in(t,o) = 0, then the equations of motion become integro-differential equations like the 
ones generated by a Fokker action. 

To evaluate the electric [E± = —Aj_] and magnetic [B = —d x Aj_] fields produced by 
A±(i+)(r, a), we need the rule of derivation of 'retarded' functions g(r,a;Ti+(r,a)). From 
Eq. (|IDg) we get (r - r i+ )(dr - dr i+ ) = r i+ (dr - dr i+ ) = [a - ^(r i+ )] ■ [da - ff i {r i+ )dT i+ ] = 
r i+ • [da — ?^(Ti + )dTj + ]. Therefore, by introducing the notation 

f i+ {T i+ (T,a),a) r i+ (T i+ (r,a),a) ^ v i+ 



v i+ {T i+ {T, a), a) 



g i+ (r i+ (T,a),a) l - ^(r i+ (r, a)) ■ f i+ {r i+ (T, a), a) " \v i+ 



\ v i+ {r i+ {r,a),a) \ = - — 5 = — , (107) 

l-r}i(n + (T,a)) ■ v i+ (T i+ (r,a),a) Qi+{r i+ {r,a),a) 

we get 

dr i+ (r,a) 



Vi + {Ti + {T, a), a) 



r i+ s (r i+ (r, a),a)\ v i+ (r i+ (r,a),a)\ = v l+s (r i+ (r,a),a), 



dr 
dr i+ (r, a) 

da s 

dg(T,a;T t+ (T,a))) d d _ , 

= %lr' + Mn+{T:(j):(j)\^)g{T : a-,T)\\ Tl=Ti+{T ^ 

da~* = K^lr' +v l+s (T l+ (T,a),a) — )g(T,a;T)}\ T , =Tt+{r ^. (108) 

so that, using the derived equations 

52 



df i+ (T i+ ,a) 

dr i+ 
dr i+ (T i+ ,a) 



-Vi(n+) ■f i+ {T i+ ,a), 



dp t+ (j t+ ,(r) = j?( Ti+ } _ ( fj.( Ti+ ) + r i+ (T i+ , a)f] i (T i+ ) ) • r i+ (r i+ , a), 
d 

— \ Ti+ r r i+ (r i+ ,a) = 5 r s , 
d 

g^\n + r i+ (r i+ , a) = r s i+ (r i+ , a), 
d 

g^\n + Pi+(n+, a) = -(77? (r i+ ) + f s t+ (r l+ , a) ) (109) 



we get 



+ [gg x {Vi{n+{r,ff)) +f i+ {T i+ (T,a),a))] s ^ = 

N 



= A r ±IN (T,a) +J2A r ±(i+) (T i+ (T, a),a) = 
i=i 

N 

= A r ±IN (T, a) + J2QiA r ±{i+) (T i+ (T, a), a), 



i=l 



d - 

e 1ret( t i o) = --^ A ±REA T i+{T, B),a) = E r ±IN {r, a) 



~ (Vi(n+(r, a)) + r i+ {T i+ {T, a), (r i+ (r, a)))- f i+ (r i+ (r, a), a)) + 
0% x Ci(r i+ (r, a), a)) 1 



r)i\l + k](t) 

N 

= E r ±IN (r, a) + J2 E r Mi+) (r i+ (r, a),a) = 
i=i 

AT 



i=l 



wit/i (7; (r i+ (r, <?) , <r) = 1 fe (r i+ (r, <r) ) + 

p i+ {T i+ {T, a), a) v 
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+ (Vi(ri+(r, g)) ■ r i+ (r i+ (r, a), a) )f i+ (r i+ (r, o% g) - ^(r i+ (r, ff)) _ 

r i+ (r i+ (r, a), a) 

- 2 — -7 7 — r-^r ^ {Ti+{T, a)) - 

Pi+{r i+ (T, a), a) 

- (Vi(n+(r,a))+r i+ (T i+ (T, a), ^(t^t, a)) ) • r i+ {r i+ {r, a), a)]), 



B r RET (r, a) = -e rsu (d s A u ±RET (r, a)) J= = S^(r, a) + 

+ gs e Pj - M( a^'+ + ^-' ( ^ (T '* ), *WU(n t (r,*),ff) + 

[4 x W,(r, + (T,g)) +r- + (x, + (r,ff),g))]'\ 

/ ^2 / 

Qi+(n+{r, a), a) rny mf + k { (r) 

N ^ 

= Bj N (t, a) + Y^[ri+(r i+ (r, a), a) x Sj. (i+) (r i+ (r, 5), a) ] r + 

2 = 1 

= B r IN (T,a)+j:B[ i+) (T i+ (T,a),a) = 
i=i 

AT 

= <?) + £ Qi-B(i+)(Ti+(T, <?),<?), 

i=i 

Pi+ ( r i+ ( r , ff ) > ff ) V r i+ (r i+ (r, cr) , <r) 
| 2 fa m (r, + (r, a)) + (r t+ (r, ff), (r i+ (r, ff)) + r^ + (r t+ (r, ff), a)) v ^ 

The particle equations of motion contained in Eqs.(95), the definition of the rest frame, 
Eq,(91), and the conserved relative energy H rel of Eq.(94) have now the following form 



d 



mf - 2Q i S^{r) ■ [^(r,^(r)) + £ QjB^t^t, ^(r)),^(r)) ^ ) = 
N V 1 - ^ ( r ) 

. _ Q^(r) - ft(r)] %^_^ (T)W . 

^(t^t)) + ^. +) (r J+ (r,^(r)),^(r)) + 

dffi J^i J dffi 
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N 



J2h 

i=i 



+ Qi[E ±IN (r,ff i (r)) +ff i (r) x B IN (r, t£(t))] + 
+ Z] ( 3i < 5fc[^(fc+)( r i+( r '^( r ))'^( r )) + 
+ ^(r) x £ (fe+) (T i+ (T,^(T)),^(r))], 

mf - 2g,4(r) • [B{T,^))+T.Q 1 B {]+ ){r^Mr))Mr)) i ^ + 
N ^ V 1 -V i (T) 

+ QiA ±IN (r, ffi(r))] + ^ QiQj^±(j'+)( r J+( r ' Vi( r ),Vi( r )) + 

f N * 

^ i=i 

+ X + 

+ ^Q*Qj#±(i+)(7i+,<?) x B (j+) {T j+ ,a)]{T,a) = 0, 



Vi\jm 2 i - 2Q i S ii (r) ■ [B(T,f}i(T)) + Y,j^iQjB {j+) {T j+ {T,r] i {T)),r] i {T)) 

E re l - 2^ = + 

S-^ QiQj f , 3 ,E ±IN + _B /A r 

+ g3^M^n + i <i<T| — 2 — + 

AT ^ „ 

+ ^2Qi(E±i N ■ Em + ){r i+ , a) + fi/jy ■ -B( i+ )(r i+ , a)) + 
i=i 

+ Z! ( 5* ( 5i( jE -L(*+)( r «+' (? ) ' + 

+ B (i+) (T i+ ,a) ■ E Mj+) (r j+ ,a))](T,a) = const. (Ill) 

The property Q\ — has been used in these equations and it will be used also in what 
follows. Besides the divergent Coulomb self-interaction it eliminates other divergent terms. 

In the nonrelativistic limit |^(r)| << 1 and in wave zone [r i+ (r, a) — > r, 
Pi+{ T i+{ T r ( r )°") ~ \&\ oo] with Aj_/7v(r, c?) = 0, since the 'spin' contribution is 

of order |cr|~ 2 , the asymptotic limit of the retarded fields is like for scalar particles 

Ei RET , AS {T,z)*-pi s {z)j: Q:n:{T) 



T^x^ \°\ 
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4r>. *) « - p l s (-) £ r i [ffx l f r)]a » ( 112 ) 



i= i 47r M 



so that the "Larmor formula" for the radiated energy become [n = f = <?/|<x|] 

dEH- {E±ret,as x B retas )(t, a) = 

Js 

QiQj 



dE 
dr Js 



The usual terms 7^W§^(t) are absent due to the pseudoclassical conditions = 0. 
Therefore, at the pseudoclassical level, there is no radiation coming from single charges, but 
only interference radiation due to terms QiQj with i ^ j. Since it is not possible to control 
whether the source is a single elementary charged particle (only macroscopic sources are 
testable), this result is in accord with macroscopic experimental facts. 

For a single particle, N=l, the pseudoclassical equations fllll|) become 



4- (v\lm 2 -2QS r ~Bi N (T,rj(T)) ,/! 7 



= Q[E ±IN (r, ff(r)) + ff(r) x B IN (r, ff)} + rj ^ ^ ^) Q s f B ^{r)) 

m ^ or] 



rj \lm 2 - 2 QSt ■ Bin{t, v(t)) ^ (r) + QA ± i N (t, ff{r)) + 

vi - W) 

+ J d 3 a[(E ±IN x B IN )(r,a) + Q(E ±IN (r,a) x B {+) (t + (t, a), a) + 
+ £_,_(_,.) (t + (t, a), a) x 5 /iV (r, a))] = 0, 



^2 J 



2 



+ Q(E ±IN ■ E ±{+) (r + ,a) + B IN ■ B {+) (r + ,a))](r,a) = const., 
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d_ v^m^-2QS r B IN (T,ff(r)) 



Q'rj{r) ■ E ±in {t, rf{r)) + f dZn- [S ±IN x ~B IN + 

•* Sas 

Q(E~ ±IN x B {+) (r + ,a) + E M+) (r+,a) x S in )](t,o). (114) 



The first of Eqs.(114) replaces the Abraham-Lorentz-Dirac equation [see for instance Ref. 



for an electron in an external electromagnetic field [Q = e9*9\. 
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VII. CONCLUSIONS 



We have obtained the pseudo-classical description of the positive (or negative) energy 
solutions of the Dirac equation on spacelike hypersurfaces and then in the rest-frame instant 
form on Wigner hyperplanes. The coupling to the electromagnetic field of these spinning 
particles on spacelike hypersurfaces is such to be consistent with only a "spin-magnetic 
field" interaction in the intrinsic rest-frame on Wigner hyperplanes like in the nonrelativistic 
Pauli theory, which is recovered in the limit c —>■ oo. These results are consistent with the 
elimination of the classical effects at the basis of pair production and of all the effects of the 
same order in the electric charge, which are obstructions to the diagonalization of the Dirac 
Hamiltonian with the Foldy-Wouthuysen transformation. 

The reduction to the rest-frame Wigner-covariant Coulomb gauge is done for the system 
on N charged spinning particles plus the electromagnetic field. Also the Lienard-Wiechert 
potential of spinning particles was studied by following Ref. 

Then one has to find a connection with the existing literature on two-body equations for 
relativistic bound states starting from two coupled spinning particles with various kinds of 
potentials |5(],[51[]. Also the coupling of colored spinning particles to the SU(3) Yang-Mills 
field along the lines of Ref. [[RJ has to be done. 

The quantization of this spinning particle (which will be studied elsewhere) should be 
done following the scheme of Ref. ||18|| , giving rise to a nonlocal Schroedinger equation with 
the kinetic square root operator for a 2-spinor, which corresponds to the SU(2) spinor in the 
positive (or negative) energy solutions of the Dirac equation after a boost to the rest frame. 

However, as pointed out in Section II, it is not clear how to recover the classical fibration 
describing the spin structure. In the pseudoclassical theory of Eq.(l) one has the constraints 
X = p 2 — rn 2 « 0, describing a scalar particle, and xd = ~ m £s ~ 0, restricting 
the G5 spin fiber over x M (r) to a Grassmann algebra G4, with the consistency relation 
{Xd, Xd} = ix- F° r a scalar particle with only x = P 2 ~ m2 ~ 0, quantization produces the 
Klein-Gordon equation (□ + m 2 )(j)(x) = 0. Therefore, for the spinning particle one would 
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expect a double role of the constraint x ~ ; l ) X = P 2 ~ m2 ~ going to (□ + m 2 )0(x) = 0; 
ii) xd = — ^5 ~ going to 75(^7^ — m)ip(x) = with {xd, Xd} = ix replaced by 
(□ + m 2 )tp(x) = 0. This would replace the superfield = x^ + of Eq.(6) not with a 
quantum superfield <fi{x) + 8ip(x) (the supersymmetric scalar multiplet with a Grassmann 
valued Dirac field) but with a first quantization fibration [ip{x) over <fi(x)} (with ip(x) a Dirac 
wave function) describing the spin structure. Here, in [ip(x) over <p(x)} the Klein-Gordon 
field <p(x) should be restricted to a special class of configurations peaked on a particle 
worldline, the trace in Minkowski spacetime of the average position of the electric current 
produced by the lepton. In the free case this worldline should be a straightline, projection 
to Minkowski spacetime of the Foldy-Wouthuysen mean position. Therefore, the allowed 
configurations of <p(x) should depend on only 8 degrees of freedom like for a scalar particle. 
This can be obtained by using the new canonical decomposition in center-of-mass and relative 



variables of a Klein-Gordon field []15l , |52| and by selecting its monopole configurations [this 
decomposition is obtained starting from canonical action-angle variables, which do not exist 
for a Dirac wave function: this again points at the lack of completeness in our description 
of fermions]. This restriction on the <j)(x) configurations is also implied by the fact that also 
bound states of fermions should have the same fibered structure over restricted bound states 
of scalar particles, otherwise one should have contradiction with the experimental fact that 
the fermion bound state in the fiber is sufficient to explain the spectra of bound states. 

Let us remark that the same pattern should exist in the nonrelativistic Pauli theory with 
[4>{x) over <f)(x)} replaced by [i/jp(x) over ^{x)], where ip(x) is a Schroedinger wave function 
and ipp(x) a Pauli spinor. Bound states of these objects are needed in the explaination of 
superconductivity by means of Cooper pairs. 

As we shall see in Ref. devoted to the pseudoclassical basis of QED on spacelike 
hypersurfaces, the use of Grassmann valued Dirac fields will create a geometrical problem, 
which again points towards the necessity of a fibration to describe the spin structure both 
at the classical and at the second quantized (functional Schroedinger equations [Qj) level. 

Instead bosonic fields like the electromagnetic one already contain the fibration: in the 

59 



limit of geometrical optics one has a null ray of light with the spin structure (the Stokes 
parameters) over it (see the pseudoclassical photon p6|). 

Finally, massless spinning particles and fermion fields on spacelike hypersurfaces will 
be treated in a future paper, because they require the reformulation of the front form of 
dynamics in the instant form. 
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APPENDIX A: FOLDY-WOUTHUYSEN, CINI-TOUSCHEK AND CHIRAL 

REPRESENTATIONS. 



In the Foldy-Wouthuysen representation the momentum space Dirac equation 



in the noncovariant form (id° — H)tp{p) = with H = (3m + a ■ p is transformed 

( X(FW) ^ 

to (id° - YVW + m2 )4>(FW)(p) = with ip(FW)(p) = 



(p) = U( FW )ip(p) 



U, 



(FW) 



U(FW) 



\V(FW) J 



(p) [X( 



FW) 



(\/p 2 +m 2 +m)x+p-ffri 



■ (pH + VP 2 + ™ 2 ) 



and rj^pw) 



and 



("V p 2 +m 2 +m)r]— p-u\ 
\J 2yJ~fP- +m 2 (y/ ' p 2 +rn? +m) 



y/ p 2 +m 2 +m 
2yJ fp'+m 2 



' 2 y/ p 2 +m 2 ( ■^p 2 +rn 2 +m) 

In this representation the Poincare generators are ftt FW \ 

1 7i Toi _ £,o £i lfl/^i./j i m 2 i i i |° ?X P 



Jl 



y y/ ' p 2 +m 2 +ra 



\J p 2 +m? -\-m 
II 



/ 



xxp+^8, J' t 



(FW) 



x° p l — ^(3(x l y p + m 2 + yp + m 2 x l )+[3 



(J3yp +m 2 ;p), J {FW) 
; see table I of Ref . p 



y/p+m^+m 

for the form of the position operator (suffering zitterbewegung) in the new representation 
and for the definition of the mean position (with free motion without zitterbewegung). 



Following the notation of Ref. [ 55] , the positive energy solutions of the Dirac equations are 

1 x {s Kp) ^ 



connected with the spinors u(p, s) = ^Jp° + m 



\ p°+m A \r) J 

Wouthuysen transformation are sent in the spinors U(fw)(p, s ) — y/2p° 



which under the free Foldy- 



( x (•)(p)^ 



V 



o 



. The 2- 



/ 



spinors x^Kp) describe the two levels of spin 1/2. The negative energy spinors are v(p, s) = 

and the antiparticles of positive mass, same spin and oppo- 



y/p° + m 



-ia 2 x {s) )ij>) 



P-c I 

p°+m 



J 



site electric charge are described by the charge conjugate spinor C^°v*{—p, —s); v(—p, —s) 

I ^ 

is sent by the free Foldy-Wouthuysen transformation into y/2p° 





\{-ia 2 X^(p)) ) 

spin projector in the spacelike direction s M , s 2 = —1, is P(s) = |(1 + 7sS^7 M ) = |[1 



. The 



s l5l° + l°s ■ S] with 8 = 7 5 a 



\° 3 1 



[the rest-frame Pauli-Lubanski four-vector is 
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o £1 



w 



L» u (p,p)W» = -\L^(p,p)e 



vaj3~f 



p a a Pl 



\L^{p,p) lb Yp a l a = (0;fS)]. Instead 



the (constant of the motion) helicity operator h(p) = p ■ has different eigenstates; if 

A±(p) = ±P ^ +m * s ^ ne ener gy projection operator and if one chooses s^ = (^; ^t^) (he- 
licity basis) one gets the following relation between spin and helicity states: P(s p )A±(p) = 
[l±h(p)]A ± (p). 

In Ref. there is a study of the pseudoclassical Foldy-Wouthuysen transformation: 
the generator S(fw) — —i/3a-p9(p) = —ip-j9(p), tg2\p\9(p) = \p\/m, U(fw) — e 5 ( FW ) 
of the quantum unitary Foldy-Wouthuysen transformation in the free case [realizing the 
diagonalization of the Hamiltonian: H = a ■ p + /3m i— > H, 



(FW) 



Po — VP 1 + m2 7o] corre- 



sponds to the generator S(fw) = 2zp • ££s9(p) of a pseudoclassical canonical transformation 
e s (pw)f = / + {/, ^(fh/)}* + Jt{ {/, S'(Fiy)}* }* + •••• Therefore, one finds the new canonical 



basis 



X (FW) — e 'X — X 



X 



y/p 2 + m 2 (y/fp + m 2 + m) ' 



i [pVj + ^Vp 2 + m 2 (\/p 2 + m' 2 + m)] (— 
(p 2 + m?)(\fp 2 + m 2 + m) 



£(FW) 



gS(FHf)ti _ _|_ P 



p' 



= c + 



t-^sin2\p\9{P) + ^ L (cos2\p\9(p) - 1) = 
m 



, _ (1 _ 

y/p^+Tn 1 y/p 2 + ?n 2 



-9 ' 



cos2|p1#(p)£ 5 - sin 2|p1^(p)— = = =^ 

■»r, {^f 



|p| v^P 2 + m2 

{^(FVK)'^}* = — {^(FtV)' £(FW)}* = 



IPI VP + m 

{^Wi £,5Fw}* = —i 



e b ^(P»e ~ m&) = P^fw) ~ m^(FW) = PoC + m 2 & 

^ l5lo(Po - \jp* + m 2 7 ), 
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X M(FW) ~ e 



^M(FW) ~~ ' 



S (fw )S % = S l:i . 



(Al) 



In quantization the Grassmann variables & FW \, Cb(fw), should be replaced by the 
standard expression with the Dirac matrices in the Foldy-Wouthuysen representation 

1{fw) = U{fw)1UIf W) h°FW) = 7 o!r ^F, a(FW) = 1°fw)1{fw) = 7°(7 - p °ff+ m) + 



J 5 (fw) = 75™, with p° = V^+m^j. 



Instead the Cini-Touschek transformation antidiagonalizes H } sending it into 




TJ m O P'Ct o 

H (CT) ~ P -ffl ~ P 



pa n 
\I u / 



. It is generated by S'(ct) 



2m 



/3a-pw(p), cotg l ^w(p) 



t 



i U iCT) = = ^P°+\P\ + ^P°-\P\^ = yj 



2p° 



1 

p°-\p\ p-s 



p°-\p\ 



p-S ^ 



m \p\ 



( \ 

X(CT) 



P° + \P\ 
2p° 



X 



_|_ P°-|p1 p-a r . 



\ 



J 



\ m \p\ 

and its pseudoclassical generator 



\ V{CT) ) 

is S(ct) — ^P - £,£,5 w (p)- It could be used to find a new pseudoclassical basis x^ CT ^, ^ CT y 

The chiral-Weyl representation of 7 matrices (which is systematically used in Ref. 
57L|58| instead of the Dirac representation even in the massive case) is done with the uni- 



tary transformation U { 



(chi) 



|757o = _^(1 _ 757o ) 



V2 



1 



v 1 1 / 



, so that tfj {chi ) 



, where X l = {<Pa) e (± 0), 77* = (0 d ) G (0 ±) are 



the left and right components belonging to the corresponding representations of SL(2,C) 

/ 
V 



59|,|57|| . The components of ip, the (|, §) representation, are % = -^(vr + Xl), V 



rt 



-^(Vr ~ Xl)- The Hamiltonian becomes H {chi) = U^ chi) HU {chi) - 



-p ■ a m 
m p ■ a 



75 (p ' 7 + m )- ^(cW) ma Y be antidiagonalized to — j^Vp 2 + m ' 2 



with [/ 



p°+m 
2p° 



p"—m p_ 



V 1 °/ 



chi) 



p u —m p-a 
p°+m \p\ 



p°+m \p\ 
1 



and diagonalized to ^/p ^ +Tn I 



( 



\ 



-2^ 



n 

u m J 
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with U 



2y/p 2 +m 2 



p-IT 



p-a 



-y/p 2 +m 2 +|p| 
1 



Since 757,, = -2717273 



^75 (7571) (7572) (7573), the pseudoclassical generator is S( c hi) = ^sCi^^ and the pseudoclas- 



sical chiral basis is a;^-. 
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